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Abstract

Action systems have been shown to be applicable for modediind constructing systems in both discrete and hybrid
domains. We present a novel sampling logic semantics faorasystems that facilitates reasoning about the truly
concurrent behaviour between an action system and itsamient. By reasoning over the apparent states, the
sampling logic allows us to determine whether a state pagelics definitely or possibly true over an interval. We
present a semantics for action systems that takes the tkae ta sample inputs and evaluate expressions (and hence
guards) into account. We develop a temporal logic basedesampling logic that facilitates formalisation of safety,
progress, timing and transient properties. Then, we iramaite this logic to the method of enforced properties, which
facilitates stepwise refinement of action systems.

Keywords: Sampling logic, action systems, temporal logic, enforcegpprties, refinement, derivation, true
concurrency, safety-critical systems,

1. Introduction

The theory of action systems is well developed and has begiedo a number of different problem domains.
Due to the simplicity of the model, action systems have besadas a basis for several theories of program de-
velopment such as refinement [1] and the verify-while-depglaradigm using enforced properties [2]. Part of the
simplicity of action systems is due to the inherent interieg semantics assumption, which ensures that statements
are executed one after another (even after parallel cotiosiand hence, a concurrent system is viewed as a se-
guential program with a non-deterministic choice over altgtlel actions. However, an interleaving semantics is
problematic for truly concurrent systems, where executigmarallel statements may overlap, e.g., real-time system
where the environment of a program executes in parallel thgtprogram in a truly concurrent manner.

In this paper we incorporate the sampling logic of Burns aagié$ [3] into the action systems framework, which
allows the state of the environment to be determined usiagfging activities”. This theory allows us to model
true concurrency between the parallel processes of a systeparticular, we describe how the real-time behaviour
of an action system may be formalised in a manner that takesaccount sampling of its concurrently evolving
environment.

When using a state-based approach, it is difficult to deteeriiie length of time for which a state has been enabled,
which is problematic for the specification of progress prtips. For example, consider a requirem&nt~ Y where
X and Y are state predicates, i.e., wheneweholds then eventually must’ become true. During the execution
of a system, X may only be true for a brief amount of time, say an attosecaich means it is impossible for a
real system to reliably determine th&theld. Thus, althouglX ~~ Y may be a desired property of the system, it
may be unimplementable. Using our sampling logic, propéfty~ Y may be specified ag® X) ~ (IY), i.e.,
wheneverX is definitely true over a sampling interval, then there mushéually be a sampling interval within which
Y holds. Here, we have stated thatmust hold for long enough for it to be detected by a samplirenevf X only
holds for an attosecond, then our system need not guardrae® teventually holds (unless the sampling intervals
are of attosecond length). Furthermoiemay refer to input variables that are evolving during the jglang event
and henceX must hold over all states that may be apparent to the systemfit is possible to detect X, then the
system need not guarantee thaeventually holds.

Our focus for this paper is the formal development of actisystems from its specification, as opposed to ver-
ification of pre-existing systems. The method of derivai®mspired by Dijkstra’s verify-while-develop paradigm
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Figure 1: Sampling activities

[4], which has been related to program refinement [5, 2, Gjgiseénforced properties”. An enforced property is a
temporal logic formula [7] that restricts the traces of atsgsto those that satisfy the property being enforced. By
using a temporal logic on relations, the verify-while-deyemethod has been shown to be useful for developing
programs in a compositional manner [2]. However, the exardplelopment in [2] also elucidated some deficiencies
in the framework — in particular, time-dependent properteuld not be properly expressed.

Thus, we present a novel linear temporal logic [7] on sanggtiredicates, i.e., our temporal logic uses predicates
on sampling activities as the base element, as opposedtéopstdicates. Then, we incorporate our logic into a
framework of enforced properties, which allows us to sysitically refine the code from the specification. As an
example, we present the specification of an industrial preisg) our logic and describe how we may derive its action
system controller. We describe how our logic may be used dsar about real-time and transient properties, in
addition to safety and progress.

1.1. Related work

Several approaches to extending action systems with irealliehaviour have been proposed [8, 9, 10, 11] and
there are several existing frameworks for modelling reaktsystem (e.g., Hybrid automata [12], TLA+ [13]). How-
ever, none of these frameworks take sampling into accountth&more, these methods are used to show that a
concrete system is an implementation (or refinement) ofbidéract counterpart, as opposed to this paper where we
derive the action system code from its abstract specificatio

Fidge and Wellings describe a method of extending actiotesys with actions that consume time [8]. Unlike
our model where time is implicitly advanced, Fidge and Wigl# use a ‘tick’ action to model the passage of time and
accessibility restrictions are used to allow multiple @sges to modify the same variable. Ronkko et al extendracti
systems with actions that describe continuous changeststéte using a differential relation [9, 14]. A weakest
precondition for differential actions is provided, howewtue to the generality of the definition, the first derivativ
of the evolution functionis required to be continuous. Back et al present refineméations for continuous action
systems [11], which have been extended by Meinicke and Hag¢sWe present a method for refining action systems
using enforced properties, which is an inherently diffén@ethod than downward/upward (or forward/backward)
simulation [6].

This paper is structured as follows. In Section 2 we presantsampling logic and in Section 3, we present
the syntax and semantics of action systems. In Section 4eseritbe enforced properties and a temporal logic on
sampling predicates. We present an example derivationdtidBes.

2. Sampling logic

A reactive controller usesampling activitiedo determine the state of its continuously evolving envinemt.
Because sampling activities take time and because theosmént operates in parallel with the controller in a truly
concurrent manner, the controller can be prongetosor errorgwhere the sensors have inaccuracies in measuring the
environment)timing precision errorgwhere there is a range of possible sampled values due t@aisgrtiming of
when the sample is taken), asdmpling anomalieévhere a sampling activity that samples more than one emviro
ment variable returns a non-existent state). In this papefocus on timing precision errors and sampling anomalies
— reasoning about the sensors errors is straightforward.

To motivate sampling anomalies, we consider the three sagpktivitiessa;, saz and sag in Fig. 1, where
environment variables andy are sampled. Sampling activity;; will return z < y regardless of when the values
of z andy are read within the sampling interval, because déénitelytrue thatr < y. Sampling activitysa; may
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return eitherr > y, z = y or z < y because it ipossiblytrue thatz > y, x = y, andz < y hold. Activity sa3 may
have a sampling anomaly. Although< y holds throughoutas, because: andy are sampled at different times, it is
possiblefor sag to returnz > y, x = y, andz < y.

We present a framework for real-time reasoning in Sectidrad formalise the concepts of definitely and pos-
sibly in Section 2.2, which facilitates reasoning about glamg activities. We present the concepts of stability and
invariance in Section 2.3.

2.1. Interval predicates
We base our logic on traces ovantiguous intervalsWe consider an interval to be a closed contiguous subset of
Time (represented by real numbék¥. An interval has type

Interval = {QCR|Q#{JAVLE €eQoet<t/ =V Ret<t' <t/ =t"€qQ}

Thus, ift and¢’ are in the interval?, then all real numbers betweeandt’ are also inf2. For anintervaf2 € Interval,
we letlub.2 andglb.Q) denote the least upper and greatest lower boun€s aspectively where*denotes function
application. We usé.() (equal tolub.2 — ¢lb.Q?) denote the length di.

We need to refer to the intervals that directly follow a giveterval. Thus, for an intervell € Interval, we
define:

post.Q = {Q:Interval | (QUQ € Interval) A lub.Q2 = gib.Q'}

We define astate spacasX ., = Var — Val where Var is a set of variables an#ful a set of values. We
leave out the subscript iVar is clear from the context. Aredicateover a typeX is given byPX = X — B, a
stateis a member ok}, and astate predicatés a member ofPX. The (real-time) trace of system behaviours is given
by Streamv,. = Time — ¥y, which is a total function from times to states with variablés-. We assume that
each state is associated with a variablef type Time whose value is determined for a streara Stream and time
t € Time ass;. T = t.

A stream predicatés a member ofP Stream, and aninterval predicatehas typelntvPred = Interval —

‘P Stream. Interval predicates allow us to reason about the behawiaistream over a given contiguous interval. For
a state predicate, intervalQ2 € Interval, we define thalwaysandsometimeperators as follows:

IR

(Ec).Q.s Vt: Qe c.s;
(He).ls = Ft:Qec.sy

For an expression € ¥ — Val, intervalQ2 € Interval and streany € Stream, we define:

eNs = lim e.s
t—lub.Q
T s = lim e.s
t—glb.Q
Thus,(2).Q.s and(€).Q.s hold iff e holds in the right and left limits of?, respectively. We require the limits to be
well defined. For our purposes it is sufficient to assume ¢hafpiecewise continuous.
Given interval predicates, ¢ € IntvPred and intervals? € Interval, we define:

(p; ). = 3O, Q0: Interval @ (1 U Qs = Q) A (Q2 € post.Qq) A p.Q1 A q.Qs
[p].Q = (p; true).Q
(Bp).Q = VQ:Interval e Q) C Q= p.Q
Thechopoperator ‘;" allows the given interval to be split into two @t p holds for the first part ang holds for the
second [15]. An interval predicajeholds over initial portion of an interval iffp | holds. Theeverywhereperator,
H, requires the given interval predicate to hold over all stésivals of the given interval.

We find theweak unlessperator useful for specifying properties of real-timeteyss [16]. For state predicates
andd, we define:

cVd = T=m8cV(Hcg ?)
3



Thus, if ¢ holds at the start of the given interval, then eithdrolds throughout the interval, or the interval can be
chopped so that holds throughout the first portion arldholds at the start of the second.

We assume point-wise lifting of the boolean operators ogastr and interval predicates in the normal manner,
e.g., ifp andgq are interval predicate§), € Interval is aninterval and € Stream is a stream, we hav@ A ¢).Q.s =
(p-2.s A ¢..s). We define

p=q = VYQ:Interval e Vs: Stream e p.f.s = ¢q.C).s
p=gq = VQ:Interval e Vs: Stream o p.Q.s = ¢.0.s

In this paper, as much as possible, we reason at the levelest/ais and implicitly assume lifting to the underlying
streams.

2.2. Definitely and possibly
Given a set of stateSS € P Y, we define:

values.SS = Av: Var o {x: Val | 30:55 e x = 0.v}

That is,values.SS returns a state that maps each variable Var to the set of values that may have inSS. Then,
given thatsv: Var — P Val is a function that maps variables to sets of values, we define

apparent.sv = {o: X | Yv: Var e o.v € sv.v}

which generates the set of all states from the values mambiagariable. These represent all possible values that a
sampling activity may return. For example, supppseandy are sensors and

SS={{z—0,y—=0},{z—1,y—0},{z—1y— 1}}

andSS contains all real states that occur during a sampling iateBecause andy are sampled at different instants,
it is possible to read in the state{z — 0, y — 0} and ready in the state{z — 1, y — 1}, which causes a sampling
anomaly because the sampling activity returns {z — 0, y — 1} which is not an element &fS. To accommodate
the sampling anomaly, we may construct

values.SS = {z—{0,1},y — {0,1}}
apparent.(values.SS) = {{zr =0,y =0}, {z—1,y—= 0}, {z—0,y— 1}, {z— 1,y 1}}

where the latter corresponds to the set of all apparentssfeteludingo) that are possible when sampling over the
actual states's.

To reason about sampling anomalies, we define a funetigias, that returns the set of all states that occur within
a real-time interval of a given stream, and a functienthat returns the set of apparent values of the variables. In
particular, ifQ) € Interval is a contiguous interval ande Stream is a stream, we define:

states.Q.s = {o:X | I:Qeoc =s.t}

av.Q.s = apparent.(values.(states.Q.s))

Using functionsstates and av, we formalise state predicates that definitelytrue (denoted®) and possiblytrue
(denotedd) over a given contiguous intervel € Interval and streany € P Stream as follows:
(®c).ls = Voravf.seco
(©¢).Qs = Forav.Q.sec.o
If (®c).Q.s holds, thenc holds for every apparent state in the interé%al Sampling predicatec is similar. Note
that becauses C apparent.(values.ss) for any set of statess C 3, both of the following hold for any interval
Q € Interval and streanms € Stream:
®c = ®Hc
Lle = Oc¢
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That is, if ¢ holds in all apparent states withihof s, thenc holds in all real states withif2 of s. Similarly, if ¢ holds
in a real state withifi2 of s, thenc holds in some apparent state witlfrof s. We have several useful propertiessf
and®. Given a state predicate we have:

®c = O-c¢ (1)

®c = OGc¢ (2
®cA®d = @(cAd) )
OcvVod = O(cVd) (4)
®cVved = &(Vd) (5)
O(chd) = GcAod (6)

The following lemma states that ifis possibly true at the start or end of an interval, theis possibly true for the
whole interval.

Lemma l. (®©c; true) V (true; Oc) = Oc¢

Lemma 2. If the free variables of state predicatesand d are disjoint, then
®(c=>d) = Oc=ad

The proof of this lemma below may be found in [3].

2.3. Stability and invariance

We are often required to state that the values of some vasald not change, i.e., they atableover an interval.
For a variabler of type X and a set of variable” C Var, we define:

str = Vk:X eE(x=k)
st.V. = Vz:V estx

Thus,st.z holds iff the value ofr remains unchanged in the given intervalsdfVV holds, then each variable i is
stable. The following lemmas describe some relationshépsdenst, = andl].

Lemma 3. Given thatz is a boolean-valued variable, each of the following hold:

st.x = EHzVEH-T
Lz A st.x = EHz

Sampling anomalies are only present if multiple (evolvingyuts are sampled within an interval. Thus, for a
predicate, say, that only refer to a single input variable, it is equivalemstate that definitely holds and that
holds everywhere within an interval. This is formalised bg following lemma.

Lemma 4. If state predicate: has at most one free variable that is not stable, then

®c = Hc
Oc = [e

Invariance of a state predicate over an interval may alscelfiaet. In particular, we define:
inv.e = T = Hec (7)

Note thatc may be invariant in an interval even if the variableg iare not stable in the interval.



3. Action systems

We present the syntax of action systems in Section 3.1 anddémantics in Section 3.2. We present trace
refinement of real-time action systems in Section 3.3 anaddtise action systems with frames in Section 3.4.

3.1. Syntax

Because we assume true concurrency between an action systand its environment, we use’./ C Var,
/.0 C Var,ande/.L C Var to distinguish input, output, and local variables@f We uses.Var = o/.1 U
7.0 U o .L for the variables ot/ and assume that'.1, o/. O and.</.L are pairwise disjoint.

Definition 1. Suppose is a predicatey is a vector of output variables arglis a vector of set-valued expressions
that has the same lengthpsThen the syntax of an actiot has type:

S == idle | y: €8S
A n= b—)S|A1|_|A2

An assignment statement is a special case of non-detetimiagsignment. In particular, for a variahleand an
expressiony:

r:=F = z:€{E}

Definition 2. Given that4, and A are actions, amction systemz = Ay ; do A od consists of annitialisation
action A followed by a (possibly infinite) loop that executes actibn

We define a functiord, which returns the guard of the given action. We define:

IR

grd.(b — 9) b
grd.(A1MAs) = grd. Ay V grd. Ay

Using grd, we define a shorthandse as follows:

Aelse S = AN (—grd.A— S)

3.2. Semantics

A software controller interacts with its environment in alyr concurrent manner, and hence the inputs to the
controller may change during the evaluation of an expresgidich may be a guard). We assume that for each
iteration of the main loop of the action system, the expoessiincluding guards) are evaluated so that each input
variable is sampled at most once, then the output variabkesipdated. Sampling inputs once within a sampling
interval avoids anomalies when evaluating two guards thf@tr the the same input variable. For example, guards
2z < 0 andz > 0 could both evaluate to false (or both to true) within a sirggenpling interval ifx increases past
during the interval and the value ofis sampled twice (once for each guard evaluation). Our maidslmpling inputs
once per sampling interval also avoids anomalies in guaads@jnments. For example, action< 0 — y := z
should not assign a positive valuegtohowever, if different samples are used for the two occuesiofz, it is possible
for y to obtain a positive value after execution of the action. @&ese both sampling and expression evaluation take
time and the environment is executing in parallel with thigoscsystem, each input variable may have set of possible
values. Hence, we use a sampling logic to distinguish wietpeedicate is definitely or possibly true over an interval.

The behaviour of a statement over the interval in which icexes is given by functiobeh: A — IntvPred, which
returns an interval predicate for the given action. Withiraation system with outputs:

beh.(b — idle) = b A st.O (8)
beh. (b > y:€8) = (ke (0O(bA(keS)) Asty); ®(y=k)) Ast.(O\{y}) 9)
beh.(A1 M AQ) = b@h.Al \ beh.Ag (10)



Thus,b — idle executes ifb is possibly true and its execution leaves each output Varisthble. The real-time
behaviour of a guarded non-deterministic assignmentct@ps the given interval into two, where guards and expres-
sions are evaluated in the first portion, and the assignrsepgrformed in the second. During the guard evaluation,
there must be some apparent state in whittolds and eacl§; evaluates to some value containikyg Furthermore,

the value ofy is stable during the guard and expression evaluation. Wolipthe expression evaluation, the value of
y is set tok. During execution of the guarded assignment, the valueaif eatput variable different from is stable.

To avoid infeasible assignment statements [17], we redo@&éollowing healthiness condition:

Ob = Vie®(S:#1{}) (11)

that is, none of the setS; is empty provided holds. The behaviour of a non-deterministic choice betwtaen
actionsA; and As, (10), allows the behaviour of; or A, to be chosen.

Lemma 5. If z € O is a boolean-valued output variable, both of the followirggch

beh.(x — x := false)
beh.(nz — x := true)

(Bx; B-z) A st.(0\ {z}) 12)
(B—z; ®z) A st.(0\ {z}) (13)

The closed intervals have type:
CI ={A:Interval | 3t:Re A =[t.oo)VIt'"Ret <t NA=][t.t']}

where[t..00) represents the infinite interval starting witland[¢..¢'] represents the closed interval frano ¢’. Note
that an intervalA € CI may be a point interval, i.eA = {¢} for somet € R. Furthermore, because adjacent closed
intervals overlap at a single point, for any interdalke CI, streams and expression:

VA: post. A e . A.s =E.As (14)
We define a set
CIPart = {z:seq.CI | (U;.qom.» %) € CI AVi:dom.z \ {0} @ lub.z;_1 = glb.z }

which contains all possible partitions of every interval.

A traceof an action system? is a sequence of closed intervals, where the first intendgsgfimed by the behaviour
of the initialisation of.«# and each successive interval is defined by the main actio® of To avoid Zeno-like
behaviour, we assume that each action takes at deasR units of time to execute, whefe < e. We also assume
that the time taken for an action to be performed is boundegldampling periodp € R, wheree < p [3]. That s,
the action within thelo loop of an action system is guaranteed to be executed withimits of time. Thus¢ andp
provide lower and upper bounds on the time taken to execeteaztion, respectively.

Definition 3. The set of altracesof action system? is given by T'T"..<7, which is defined as:

TT of 2 {z: CIPart, s: Stream,y var (beh.Ap).2z0.8 A (Vi:dom.z \ {0} e (beh.A).z;.s) /\}

(Vi:dom.z e € < £.z; < p)
The set of alcomplete traces given by 7.7 which is defined as follows:
Tr.of ={(z,8): TT.o/ | dom.z = NV JA: post.(last.z) e (O—grd.A).A.s}

Thus, each complete trace .of represents an infinite or terminating execution:0f Execution ofe7’ may terminate

if it is possible for the guard ofl to be false within a sampling interval. &—grd. A holds within a sampling interval,
theng/ is guaranteed to terminate, howeverpifgrd. A holds, then it may be possible fargrd. A to hold as well,

in which case, depending on when the inputs are sampledhay either continue executing or terminate. Also note
thatgrd.(A else S) = true for any actiond, and hencelo(4 else S) od is non-terminating.
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3.3. Trace refinement

A concreteaction systen¥s’ trace refines amabstractaction systeme iff every observable behaviour &f is
a possible observable behaviour.@f. Given thate7.10 = o7/.1 U o/.0 is the set ofobservable variablesve
let rL: Streamgy var — Streamg, ;o be the function that removes local (unobservable) vargafilem the given
stream by restricting the states énto the observable variables’./0. For a partitionz € CIPart, we define
U 2% = U,.qom . % and define stream refinement between action systems as sollow

Definition 4. Action systents” trace refines# (denoteds C+, %) iff
V(z,8):Tr.€ e 3(2',s): Tr. o (Uz) < (rL.s)) = ((U2') < (rL.s"))
Lemma6. If Tr.¢ C Tr.«Z thens C+, €.

An action A is refined by actiorC' iff any behaviour ofC' is a possible behaviour . A refinement may, for
example, reduce the non-determinism or strengthen thel@dan action. In the context of action system refinement,
we may only refine an action in thdo loop if it the new action does not introduce new states in Wigemination of
the action system is possible [18]. We say an actlda refinedby an actionC', denotedd C C, iff beh.C' = beh.A

holds. IfA C C andC C A, we write A O C. Refinement of actions may be related to trace refinementtimfrac
systems using the following lemma.

Lemma 7. Suppose# = Aj; doAod and¥ = (j; do Cod. Thens C+, ¥ holds provided:(4p C Cp) A
(AC C) A (®grd.A = ®grd.C).

In Lemma 7, conditior®grd. A = @&grd. C follows because of the requirement that there must be anetimg trace
of o7 for every terminating trace &f. Because can terminate ifo—grd. A holds, we have:

O-grd.C = ©—grd.A
— {(

~®@grd.C = —~®grd. A
= {contrapositivé

®grd.A = ®grd.C

Lemma 8. If 4, A; and A, are actions such thatl; C A,, then each of the following holds:
A O AnA4, (15)
doAmnmAdiod C doAmnA;mnAsod (16)
3.4. Frames
When developing an implementation, it is often necessalltav additional internal behaviour without intro-

ducing new observable traces. A formal and elegant way déwicty this within the refinement calculus is by using
frameg[19, 20]. We uséd| for multiple assignment and it is defined for an action indty as follows:

idle|y :€ S y:€S
(y1:€81)[(y2:€82) = y1,y2:€81,S2
(b= 9)l(y:€8) = b—(5ll(yz:€82))
(A1 A2)[|(y :€ S) (A1[l(y :€ 8)) 11 (A2[l(y :€ S))
Definition 5. If & = Ap; do A od is an action system, and¢ 7. Var is a new local variable of typ&, then

[varz e /] = (Aollz:€ X); do(Aljz :€ X)od

IR

IR

Note that[var z e </].L = «7/.L U {z}. The following lemma facilitates introduction of a new \ale to an action
system in a manner that preserves trace refinement.

Lemma 9. If &/ is an action system; ¢ <7 Var is a variable thensz T, [var z e <7].

Application of Lemma 9 to an action system constitutes alsingfinement step. In our approach, further refine-
ments may be performed by restricting the possible valuéiseo¥ariables in the frame by introducing new enforced
properties to the action system, which effectively redumasdeterminism.
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4. Enforcing behaviour

We present a temporal logic on interval predicates in Seectié and present our logic of enforced properties in
Section 4.2.

4.1. Atemporal logic

We specify properties of a program and its environment bgi§gag properties over the complete traces of the
action system. In particular, we define a linear temporaklog interval predicates (as opposed to state predicates

(7).

Definition 6. Given thatp € IntvPred is an interval predicate;’ is an ILTL formula,z € seq.CI is a sequence of
intervals,s: Stream is a stream and € dom.z, we define:

((z,8),)) Fp = p.z.s
((z,8),i)) FOF = Vj:dom.zej>i= (((z,5),j)FF)
((z,8),i) F OF Jj:dom.z e j > i A (((2,8),)) F F)
((z,8),1) F F1U Fy Jj:dom.z e j > i A (((2,8),7) F F2) A (Vk:i.j —1e (((z,8), k) F1))
((z,8),i) Flp = p.(Uj»; %)-s
The notation((z, s), ) F F states that ILTL formula’ holds for sequence of intervalsstarting from index; €
dom.z. By definition, ((z, s), i) F p holds iff p holds in the intervak;. Operatord], ¢ andif expressalways

eventuallyanduntil, respectively. Formulé(z, s), i) - IIp states that interval predicagemust hold for the interval
consisting of the union of all intervals from onwards. Note that

I

I

e = O®Ec a7
We define some shorthand operators:

RWF, = OFRV(FLUF)
P~ Fy = D(F1:><>F2)

Thus, F; unlessF; holds (denoted”; W Fy) iff either F; always holds o, continues to hold untiF; holds. F;
leads-toF, (denotedr; ~ Fy) iff Fy eventually holds wheneveét; holds. For state predicatesandd, we define an
operatorV as follows:

cVd = T = (@ W|[®chod]) (18)

Hence,c V d holds iff given thatc holds initially, eitherc definitely holds in each interval for the rest of the trace or
¢ definitely holds in each interval until definitely holds and! possibly holds in the initial portion an interval. Note
that'V andV are both weak unless properties in that they only guarahteerless property if their first argument
holds initially. HoweverV applies to the real states of the system whebéapplies to the apparent states.

We distinguish between properties that the initialisatban action system must satisfy against those that the sys-
tem must maintain after initialisation. In this paper, weus on the derivations of action systems after initialgati
Derivation of initialisation statements can be addressedsimilar manner to the methods in this paper, although, the
properties themselves may be non-trivial [21].

Definition 7. An action system maintainsa temporal formula, denoteds” |= F, iff Vir: Tr.o/ e (tr,1) - F
holds.

Note that the first interval of each trace is ignored becausesicribes the initialisation of the action system. That is
maintenance of a property only considers the behavioureéttion system after it has been initialised.

ILTL may be used to formalise a number of different prograroperties. However using ILTL directly is not
straightforward because we must reason at the level ofdrdestead, we present some calculational rules for proving
that an action system satisfies particular forms of ILTL fala@. These rules are inspired by their discrete ILTL
equivalents [6, 22].



Lemma 10. If ¢ andd are state predicates, then:
€ AQinv.e = O®Ec (29)
The following lemmas relate temporal properties on theastréo the the behaviour of an action system.

Lemma 11. If ¢ and d are state predicates such that eachc@nd d have at most one free variable that is not stable,
then

O((@E—c; Be) Vinv.e V [inv.c ANBd|) = TI(c¢V d)
Lemma 12. If ¢ andd are state predicates, then

O(¢ = @cV |[®@cAed]) = OVd)

4.2. Enforced properties
An enforced property is an ILTL formula that restricts thaces of an action system to those that satisfy the
enforced property [2, 5].

Definition 8. Action systeme with enforced maintenance propery; denoteds ? F, is an action system such that
Tr(/ ?TF) = {tr:Tr.e/ | (tr,1)F F}.

Thus, althoughTr.«7 may contain traces that do not satigfy by definition, F' is guaranteed to hold for any trace of
&/ 7 F. The goal then is to obtain an action systéfrwith no enforced properties such that? ' C 4, i.e.,Zis a
refinement ofe7 whose traces satisfy.

The following lemma describes trace refinement of actiotesys with enforced properties.

Lemma 13. For action systemss and%’, and ILTL formulaeF’ and F’ each of the following holds:

o L, A7F (20)

dIF Cq, A 7F providedF”’ = F (21)
dTF L, CTF provideds Ct, ¢ (22)
ATF O o provideds | F (23)
FdNFNF) On (F?7F)7F (24)

By Lemma 13, introducing a new enforced property or streegjiting existing enforced properties results in a
refinement. If an action system without an enforced properfines another, then the refinement holds with the
enforced property included. An enforced property, 8aynay be removed from an action system if the action system
without enforced property’ satisfiest’. Furthermore, enforcing a conjunction of enforced prapsiis equivalent to
enforcing the properties one at a time.

To allow finer-grained control over the enforced properties specify enforced interval predicates over actions
as follows:

beh.(Alp) = beh.ANDp (25)
Lemma 14. For actionsA, A; and A,, and interval predicatep and ¢, each of the following holds:
Al(png) O (Alp)lq (26)
Al(pvyq) T (Alp)n(Alq) (27)
Alp O A providedbeh.A = p (28)
(A4l p & (Alp)N(A2!p) (29)

The theorem below states that an enforcing temporal forflglaon an action system (whepeis an interval
predicate) is equivalent to enforcipgon the main action of the action system.

Theorem 15. Given thateZ = Aj; do A od is an action system angis an interval predicate,
& 0p Ot Ap; do(A!p)od
10
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Figure 2: Industrial press

5. Industrial press example

We present a derivation of a software controller for the gtdal press in Fig. 2. A weight is used to compress
objects placed at the bottom, thetor used to lift the weight, théock is used to keep the weight locked at the top,
and sensorsop, pnr andbot are used to determine the position of the weight within thesgi(at the top, below the
point of no return and at the bottom). The user may press easela button (not shown) to turn the motor on/off. We
develop a controller for an industrial press [23, 21].

5.1. Specification and initial action system

The controller has inputep, pnr, bot, pressed € I which represent the values of the different sensors anditaitp
locked, on € O that are used to control the lock and the motor. As describ§2lli], we require the motor to be off
when the weight is locked at the top. If the user presses ttierbthe lock must be released, which causes the weight
to fall. The motor must remain off while the weight is fallingless the user releases the button and either the weight
has reached the bottorto¢ sensor is on) or is above the point of no retusni{ sensor is on). In both of these cases,
the motor should be turned on to lift the weight. To prevemhdge to the motor, a falling weight that is below the
critical level C' must not be lifted unless the weight has reach&d Note thatC' is placed below thenr sensor to
allow the controller some time to detect that the weight happed below thenr sensor. Once the weight is lifting,
the motor must remain on until the weight is lockedat, regardless of the state of the button.

5.1.1. Environment
The relationship between the sensors and the state of ther arud lock is formalised as follows.

E((top = —pnr A —bot) A (bot = pnr)) (30)
ITE (E(on V locked) = inv.top) (31)

By (30), if the top sensor is on, then thenr and bot sensors must be off, and if tet sensor is on, then thenr
sensor also on. By (31), for any interval, sAyif on V locked holds throughout\, then andtop is invariant inA.
Note that we cannot be guaranteed properties suthB8g®on = inv.pnr), i.e., for every interval), if the motor
is on throughoutA thenpnr is invariant inA. This is because the weight may be just abpxe when the motor is
switched on and momentum of the weight takes the weight bgtowalthough the motor is on for the whole interval.
Note that a weight may drop beloyw.r when the motor is turned on as long as it does not drop bélow

The formulaEnv below describes our assumptions of the environment.

Env = (30) A (31)

FormulaEnv is essentially a rely condition [24, 25], however, unlikeés, where execution of an action system is
interleaved with the execution of the environment, we asstirat the environment executes with the action system in
a truly concurrent manner.

Other environment properties that describe the time tatérh sensors on and off may also be specified. How-
ever, to simplify the presentation, we elide the detailsropjerties that are not relevant to the derivation in thisgpap
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5.1.2. Timing

We assume that the weight can be safely lifted provided tiatrtotor is turned on withif/ time units of a falling
weight passing thenr sensor. This guarantees that the weight will not be trangelidbo fast for the system to safely
decelerate the weight and bring it to the top. In particmerrequire

O < M) (32)

which states that the length of each sampling period is at mbsinits. We introduce (32) to the program as an
enforced property. This implicitly places a restrictionthe sampling period, i.e., (32) is satisfied by any imple-
mentation that ensures every iteration the loop of the final action system can be completed withinnits. The
value ofp depends on the complexity of the code of the final action sysBy treating (32) as an enforced property,
we may defer deciding on the value @fintil the final action system code has been developed.

Note that (32) does not guarantee that the motor is turnedtbimwl/ units; (32) only guarantees that an iteration
of thedo loop completes within/ units. Thus, we require that the system satisfies:

@ (—top A —pnr A —pressed) = [Hon (33)

That is, for any sampling interval, if it is definitely trueaththe weight is between belotvp and abovepnr and
the button is not pressed, then then motor must possibly b& bis could mean that the weight is being lifted, in
which case®on will trivially be true, or the weight is falling, in which casthe falling weight must be aborted.
Note that execution of the aborting case only needs to beagteed if®(—top A —pnr A —pressed) holds. So for
instance, (supposing that the weight is falling and is fasvatpnr) if the button is released then pressed within a
single sampling interval, the controller may sample thesped state and not turn the motor on. Similarly, if a button
is released halfway through a sampling interval, Aaynd remains released in the next sampling interval/sathe
controller only needs to guarantee that the motor is turmeith d\’. Further note that (33) does not prevent a falling
weight that is abovenr from aborting when the button is released — such a restniéctidormalised by the transient
property (41). We require that (33) holds in every samplirtgrival, and hence our timing requirement is:

Timing = (32) A O(33)

We note that a condition equivalent to (33) is unimplemeletaba state-based model without a sampling logic
because a state-based model would only consider the vala@wérd at the start of the interval. That is, property
¢ ~ d wherec andd are state predicates may not be implementable in a realeimvieonment becausemay only
hold for a very brief amount of time (e.g., an attosecond}l iimay not be possible to detect thatvas true. For
example, (33) translates tatop A —pnr A —pressed ~ on where predicates on both sides-ef are on states.
In a real-time system, the state in whieltop A —pnr A —pressed holds may only hold for a brief amount of
time, e.g., if the button is released when the falling weighjtist above thenr sensor. In contrast, (33) requires
—top A\ —pnr A —pressed to be definitely true over an entire sampling interval in etdeguarantee that the motor is
switched on. This discovery of this unimplementable propiera state-based system is described in [2, pg 136].

5.1.3. Safety and progress
Thesafetyproperties of the system are obtained from the informalrijesen and are formalised by the formulae
below. These properties consist of variables of the actjystesn and the environment.

(locked = top) (34)
locked 'V pressed (35)
on 'V  locked (36)

Formula (34) states that the top sensor is on provided teaw#ight is locked. By (35), if the weight is locked at the
start of the interval then either it remains locked for th& i the interval or it remains on until the button is pressed
Condition (36) has a similar structure to (35).

It would seem that a requirement that states that the weagttirwes to fall unti(—pnr \V bot) A —pressed holds
is necessary. However, because this requires more thampugeto be sampled, it is possible for a falling weight to
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be aborted withou—pnr V bot) A —pressed holding for any state in the stream. We discuss this propettymore
detail in Section 5.1.4.
The controller must satisfy the followingrogressproperties:

®@(pressed A\ —on) ~ [-locked (37)
®(bot A\ —pressed) ~» [on (38)
®locked ~~ [-on (39)

®@(on A top) ~» [locked (40)

By (37), if the button is definitely pressed and the motor irdtely off, then the controller eventually unlocks the
weight. Conditions (38), (39) and (40) have a similar stioet Note that predicates in the right hand side of<the
in (37)-(40) usd-] as opposed t®, which requires that the state predicate hold over the tatdsof the system, as
opposed to the apparent states. Although it makes no differt (37)-(40), for a state predicate, sayhat refers to
more than one input variable, showing théat holds is in general more difficult than showiag: holds.

We define the following ILTL formulae which categorise th&elient requirements of the system:

Safe O((34) A (35) A (36))
Prog (37) A (38) A (39) A (40)

I

Note that bothSafe and Prog are linked to the intervals generated by execution of theadystem. Furthermore,
Safe and Prog are properties that must be maintained by execution of ttieresystem after initialisation.

5.1.4. Transient properties

Our sampling logic is particularly useful for reasoning abwansient propertieswhere an input changes from
true to false while a different input changes from false teetwithin a single sampling interval. Thus, it may be
possible to sample that both inputs are true (or both are)falgen if only one of the inputs is true in every state of
the stream.

For our industrial press example, consider the case fotindaleight that is abovenr at timet¢ and belowpnr
att + p, i.e., the weight drops belownr within the sampling intervalt, ¢t + p]. Suppose’ wheret < t' < ¢t + p
is the least time for whichnr holds in[t, ¢ + p], i.e., the weight reachesur at timet’. Now for some smalk > 0,
supposegEpressed).[t,t’ + k) and (B—pressed).[t’ + k, ¢ + p] hold, i.e., the button is released @t+ k. Thus,
E-(—pnr A —pressed).[t, t + p] holds, i.e., there is no state in the stream for whiginr A —pressed holds.
However, the sampling event may sampignr within [¢, ¢') and —pressed within [t/ + k,t + p], i.e., =pnr A
—pressed is possibly true withint, ¢t + p]. Hence, specifying the safety condition for leaving the endtirned off
asII((—locked N —on) V ((bot V —pnr) A —pressed)) is impossible to implement. Instead, we require that the
following holds:

—locked A —on V  (bot V —pnr) A —pressed (42)

By (41), if the weight is not locked and the motor is off, theey remain unlocked and off, respectively for the rest of
the trace, or we are able to samplet v —pnr) A —pressed within a sampling interval. We would like the transient
property to hold for all sampling intervals, and hence define

Trans = 0(41)

Note that both (33) and (41) refer to actions that turn theomo and are crucial to ensuring safe operation of the
industrial press although they are different types of prige Condition (33) requires that the controller musttea
by turning the motown if —top A —pnr A —pressed definitely holds within a sampling interval, while (41) sat
that the motor may be turned on if the aborting conditiet \V —pnr) A —pressed holds in some apparent state.

5.2. Derivation

We now present the derivation of the main part of the corgrolh Section 5.2.1 we derive the initial action system,
in Section 5.2.2 we replace the ILTL formulae$fafe to simplify the calculation, in Section 5.2.3, we calcultte
actions (together with the required guards) from the regménts and in Section 5.2.4 we consider progress properties
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do true — on,locked :€ B, B
od ?(Env A Timing A Safe A Prog A Trans)

Figure 3: Initial action system

do true — on,locked :€ B,B!((33) A (43) A (44) A (45) A (46))
od ?(Env A (32) A (42) A Prog)

Figure 4: Distribute actions

5.2.1. Initial program

Starting with enforced the ILTL formulae we arrive at act&ystem (Fig. 3). The action system contains a single
action that may modify the values oh and locked (of type B) to any value within their type. However, due to
the enforced properties, the action system is guarantebé tmorrect, i.e., the action system in Fig. 3 meets our
requirements. We derive an action system with actions ttaéttain the enforced properties so that they need not be
enforced.

5.2.2. Replace ILTL formulae

We aim to respectively replace the formulae witln Safe with interval predicates that allow use of Theorem 15,
which in turn allows the general enforced properties to beended within the actions. By Lemma 10 condition
0(34) holds if (42) A 0J(43) holds:

=locked V 7‘,0—1) (42)
inv.(—locked V top) (43)

Note that condition (42) is a requirement of the initialisat while (43) should be satisfied by each action of the
action system. By Lemma 11, conditions (35) and (36) respygthold due to each of the following:

(®—locked; mlocked) V inv.locked V |inv.locked N [pressed | (44)
(E—on; Eon) V inv.on V [inv.on A locked | (45)

Similarly, using Lemma 12, the transient property (41) safdhe following holds:
Slocked A —on = ®(—locked N —on) V |®(—locked N —on) A ®((bot V =pnr) A —pressed)|  (46)
We define
Safe’ = (42) ATI((43) A (44) A (45) A (46))

and use (21) to introduce repladefe in the action system byafe’. Then, using Theorem 15, we distribute the
interval predicate$43) A (44) A (45) A (46) within the main action. Using Theorem 15 to distriby@8) within the
main action, we obtain the program in Fig. 4.

5.2.3. Calculate actions
We must derive an action system that turns the motor and lotfohowever, in order to satisfy the requirements,
we must calculate the guards required of each action.

Turning the motor off. We consider the implications of actienue — on := false against the safety conditicfufe’.

By definition of beh.(true — on := false), becauset.locked holds, (44) is trivial. Conditions (33) and (46) can be
discharged using Lemma 5 and strengthening the guasd .tdCondition (43) may be discharged by addiiagked

as a conjunct to the guard which by Lemma 3 andocked ensuresalocked. The guardon A locked also ensures
|inv.on A ®locked | holds, which implies (45). Hence, we obtain action:

on A locked — on = false
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Turning the motor on.We consider actiortrue — on := true, which trivially satisfies (33). Becausg.locked
holds, by strengthening the guard t@ocked, by Lemma 3, we obtaim—locked, and hence conditions (43) and
(44) may be discharged. Then by adding conjunet to the guard, by Lemma 5, we obta#on, which allows

us to discharge (45). Now, becausécked A —on holds, to satisfy (46), we strengthen the guard with cortjunc
(bot vV —pnr) A —pressed, which guarantees the second disjunct of the conseque#6nfThus, we obtain action:

—locked N\ —on A (bot V —pnr) A —pressed — on := true

Unlocking the weight.We check safety against actiorue — locked := false. Conditions (33), (44), (45) and (46)
are satisfied by strengthening the guardvided A —on A pressed. Thus, we obtain action:

locked N\ —on A pressed — locked := false

We then have the following calculation:

beh.(locked N —on A pressed — locked := false)
= {definition of beh, Lemma 5 and (6)

(Blocked N ®—on A Opressed); ®—locked
= (@)

(HElocked N Opressed A inv.top); E-locked
= {logic}

(43)

Locking the weight.We consider the behaviour ofue — locked := true. To satisfy (43), we strengthen the guard
with top, which by the definition obeh gives usotop; ®locked. However, this does not ensure tt@top holds in

the second portion of the chop. Thus, we strengthen the guggid to ensure that the motor is on, which gives us the
following calculation:

beh.(top A\ on — locked := true)
= {definition of beh and (1)}

(Gtop A Gon; ®locked) A st.on
=  {st.on,Lemmal

(Gtop; ®locked) A Hon
= {®onand (31}

(Otop; ®top A ®locked) N\ Eon

Because the left hand side of the chop above is not guarattesadisfy (43), we introducelocked as a conjunct to
the guard. Hence, by Lemma 5 and Lemma 4, we obtain:

(©top A E—locked; Etop A Blocked) N Eon

= {logic}
(©top A E—locked; Etop A Blocked) A E(—locked V top) A HEon
= {logic}

(33) A (43) A (44) A (45) A (46)
Thus, we obtain action:
—locked N on A top — locked := true

We introduce the actions to the action system using Lemmal ®htain the action system in Fig. 5, where the actions
have been labelled,, . .., a5 for reference. Note we have not yet removgdrom the action system because the
actions may need to be modified, or new actions may need tateglirced to satisfy progress.
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do locked N on — on := false (a1)
M —locked A —on A (bot V —pnr) A —pressed — on := true (a2)
M locked N —on N pressed — locked = false (a3)
M —locked N\ on A top — locked := true (a4)
M true — on, locked :€ B, B! ((33) A (43) A (44) A (45) A (46)) (as)
od ?(Env A (32) A (42) A Prog)

Figure 5: Introduce actions

do locked N on — on := false (a1)
M =locked A —on A (bot V —pnr) A —pressed — on = true (a2)
M locked N\ —on A pressed — locked = false (a3)
M =locked N\ on A top — locked = true (aq)
else idle (as)

od ?(Env A (32) A (42))

Figure 6: Establish progress

5.2.4. Progress properties

The concurrent behaviour of the environment is modelledgisnforced ILTL formulae, which allows an action
system to execute with its environment in a truly concurreahner. Thus, the controller is essentially a sequential
program, which means the proof of progress is straightfoiwia particular, given the following formulae

®@(pressed A —on) = [-locked (47)
®(bot A\ —pressed) = [Hon (48)
®locked = [J-on (49)

®@(on A top) = [locked (50)

we define
Prog’ = (47) A (48) A (49) A (50)

and use Lemma 13 to repla¢®og by (0 Prog’. Then using Theorem 15 and Lemma 14, we distribiitey” within
the actions of the action system. Becagg@ressed A —on) causes all actions excepj to become blocked, and
execution ofas establishes-locked condition (47) is trivially satisfied. Similarly, due to ewted propertyEnv,
®(bot N —pressed) disables all actions except and execution ofi, establishesn, i.e., (48) is trivial. The proofs
of (49) and (50) are similar.

To complete the proof of safety and transient propertieggfine the non-deterministic assignmentjnto idle,
and to complete the proof of progress and timing property, (88 strengthen the guard of to else, which prevents
as from executing when the antecedents of (47)-(50) and (318). ho

Thus, we obtain the action system in Fig. 6. For the purpokési®paper, we leave (42) enforced because it
is not a maintenance property, i.e., it may be dischargeddniyidg the initialisation of the system. On the other
hand, Env must remain enforced to achieve correctness of the systeawbe it describes the behaviour of the
environment, i.e., the assumptions under which the cdatroperates. The timing propert$2) may be discharged
during implementation of the code, i.e., by choosing haréwhat ensures each iteration of tde loop can be
completed withirp units of time.

6. Conclusion

We have presented a logic of sampling, which we have usedsgept a novel semantics for action systems that
allows us to assume true concurrency between an actiomsyste its environment. This logic takes into account the
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fact that expression evaluation takes time and that theegadfithe inputs may change during expression evaluation.
The logic also allows us to detect and reason about sampfiamalies and timing precision errors that may occur

during sampling. We have presented a temporal logic basesh@ampling predicates to facilitate reasoning about
the safety, progress, timing and transient propertiestidrasystems with real-time environments.

We have formalised trace refinement between real-timerastistems, then presented lemmas that allow intro-
duction of fresh unobservable variables and reduction nfaeterminismin a manner that preserves trace refinement.
Further lemmas for stepwise derivation are provided byripemting the theory of enforced properties into the frame-
work. We presented the derivation of a controller for an stdal press as an example.
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