
Informed search

ÅRussell and Norvig, Chapters 3 and 4 



Next Week: Wednesday Tutorial

ÅEkka holiday 17 August

ÅNext week, people signed on to the 
Wednesday tutorial should either attend 
another tutorial or submit online by 5pm on 
Thursday
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Overview: aims

Åunderstand what best-first search involves

Åknow the Greedy search technique and its 
properties

Åknow the A* search technique and its properties

Åbe able to apply and design heuristic functions, 
understand admissibility in this context

Åbe familiar with local search/iterative 
improvement algorithms, e.g. hill-climbing and 
simulated annealing



Overview: topics

ÅUsing heuristics

ÅBest-first search

ÅIterative improvement search



Breadth-first search complexityé

ÅWith b=10

ÅAssume that 1 node takes 1ms to expand and 100 bytes to 
store (main memory)



Uninformed Search

ÅFind solutions by generating new states and 
testing them against the goal state

ÅNot domain specific

ÅStates are either start, goal, or other

ÅInefficient in most cases

ÅAlternatives

ïInformed (heuristic) search algorithms

ïLocal search algorithms



Non-exhaustive search

Å5Ŝƭŀȅ ŜȄǇƭƻǊƛƴƎ άƴƻƴ-ǇǊƻƳƛǎƛƴƎέ ǇŀǊǘǎ ƻŦ ǘƘŜ ǘǊŜŜ

ïreasonable answer in reasonable time

ÅDomain specific

ÅInformed search strategies 

ïnode n is selected for expansion based on an 
evaluation function f(n) 

ïknowledge of domain encoded in heuristic function

ïh(n) ςestimated cost from n to nearest goal



Heuristic Functions

ÅEstimate of goodness
ÅUse to inform the search
ÅShould be admissible, i.e. never overestimate the cost 

to goal
ÅSome heuristics are better than others
ïThose that are not very good will require more search

ÅAny easy to calculate heuristic is better than none
ÅHeuristics cannot be perfect
Å¢ƘŜ ΨōŜǎǘΩ ǾŀƭǳŜ ŦƻǊ ŀ ƘŜǳǊƛǎǘƛŎ ƛǎ ǘƘŜ Ŏƻǎǘ ǘƻ ǊŜŀŎƘ ǘƘŜ 

goal, but in order to find this an exhaustive search is 
required



Heuristic Search

ÅThe time spent evaluating the heuristic 
function in order to select a node for 
expansion must be recovered by a 
corresponding reduction in the size of the 
search space explored.

ÅBase-level / meta-level trade-off 

Å(solving the problem / deciding what to do)



Heuristic function

ÅEvaluation function 

f(n) = some combination of g(n) and h(n) 

ïg(n) = cost so far to reach n: known

ïh(n) = estimated cost to goal from n: heuristic function

ïf(n) = estimated total cost of path through n to goal



Best-first search

Å9ȄǇŀƴŘ ǘƘŀǘ ƴƻŘŜ ƛƴ ƭƛǎǘ ǿƘƛŎƘ ƛǎ ŜǾŀƭǳŀǘŜŘ ŀǎ άōŜǎǘέ

ÅEffectiveness depends on quality of guesses ςdifferent 
heuristic functions

Å Implemented with a priority queue

ïMaintain the fringe in ascending order of f-values

ÅTwo kinds of best-first algorithms:

ïGreedy search: Expand node closest to goal;

choose node n where f(n) = h(n) is minimised

ïA*: Expand node on least-cost solution path;

choose n where f(n) = h(n) + g(n)is minimised

ïMaths notation: choose n1 = arg minn f(n), nin fringe



Greedy search

ÅTries to expand the node closest to the goal

ÅIdea: use an evaluation function for each 
node

ïEstimate of desirability

ïÝ expand most desirable node

ÅImplementation

ïFringe is a queue sorted in decreasing order of 
desirability



Greedy search

1. Set Lto be a list of the initial nodes in the 
problem.

2. Let n be the first node on Lthat is expected to 
be closest to the goal. If L is empty, fail.

3. If n is a goal node, stop and return it and the 
path from the initial node to n.

4. Otherwise, remove n from Land add to Lall of 
nΩǎchildren, labelling each with its path from the 
initial node.         Return to step 2.
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Using greedy search and given these heuristic values determine the order in 

which the nodes are searched.

a

b c d

f g h i je

m nl

k

r sqpo ut

Greedy Search



8

4 7

8 17

4 02

6

44

1

52

213 14 3

a

b c d

f g h i je

m nl

k

r sqpo ut

Greedy Search

List

h(b)=4   h(c)=6   h(d)=7

h(c)=6   h(d)=7 h(f)=7   h(e)=8

h(g)=1   h(h)=2   h(i)=5   h(d)=7   h(f)=7   h(e)=8

h(o)=0   h(h)=2   h(p)=4  h(i)=5   h(d)=7   h(f)=7  h(e)=8

h(a)=8



Using a greedy search procedure, work out the order in which 

the nodes are expanded in this search space.
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Out-and-about in Symbolania (1) 

Å The country of Symbolania has 9 major cities, neatly named 
after the first 9 letters in the alphabet (red). 

Å There is a network of roads connecting the cities. The 
distances are provided in green. Note that the Scruffy 
Mountains make the road from F to D much longer than 
expected. 

Å We need to find our way by car from our present location to 
the City of A (A has an airport that will take us home). From 
a birds-eye view the distances are as in the illustration 
(again green numbers). This is the kind of information that 
we have available with respect to the goal at all states 
(assuming that we know the coordinates of A and the city 
that we're in).

Å So, our heuristic function, h(), returns the Euclidean 
distance as shown above, e.g. h(F)=47, h(H)=61, etc.



Greedy Search in Symbolania (1) 

ÅE to A

Åh(E)=39

Åh(D)=25 h(F)=47

Åh(A)=0 h(C)=20 h(E)=39 h(F)=47

Å-> Path = EDA



Greedy Search in Symbolania (2) 

ÅF to A

Åh(F)=47

Åh(D)=25 h(E)=39 h(G)=65

Åh(A)=0 h(C)=20 h(E)=39 h(E)=39 h(F)=47 h(G)=65

Å-> Path = FDA (optimal path is FEDA)

Greedy search is not optimal



Greedy Search in Symbolania (3) 

ÅH to A

Åh(H)=61

Åh(I)=50 h(G)=65

Åh(H)=61 h(G)=65

Åh(I)=50 h(G)=65

Å... Greedy search is not complete



Properties of Greedy search

ÅComplete

ïNo ςcan be stuck in loops 

ïComplete in finite space with repeated-state checking

ÅTime

ïO(bm) but a good heuristic can give dramatic improvement

ÅSpace

ïO(bm) keeps all nodes in memory

ÅOptimal

ïNo

Greedy search is not optimal, but is often efficient



Refined search objective

ÅTo find the shallowest goal (i.e. the best goal) 
as quickly as possible

ÅExpand the node that appears to be closest to 
a shallow goal

ÅA* algorithm



A* search

ÅIdea: avoid expanding paths that are already 
expensive

ÅEvaluation function f(n) = g(n) + h(n) 

ïg(n) = cost so far to reach n

ïh(n) = estimated cost to goal from n

ïf(n) = estimated total cost of path through n to 
goal



A* Algorithm

1. Set Lto be a list of the initial nodes in the 
problem.

2. Let n be the node on L for which f(n) is 
minimal. If L is empty, fail.

3. If n is a goal node, stop and return it and the 
path from the initial node to n.

4. Otherwise, remove n from Land add to Lall 
of nΩǎchildren, labelling each with its path 
from the initial node. Return to step 2.
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Using A* search and given these heuristic values determine the order in 

which the nodes are searched.
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A* Search

d = 0

d = 1

d = 2

d = 3

Cost so far 

g(n) = depth
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A* Search

List

f(b)=1+4=5   f(c)=1+6=7   f(d)=1+7=8

f(c)=7   f(d)=8 f(f)=2+7=9   f(e)=2+8=10

f(g)=2+1=3   f(h)=2+2=4   f(i)=2+5=7   f(d)=8   f(f)=9   f(e)=10

f(o)=3+0=3   f(h)=4   f(p)=3+4=7  f(i)=7   f(d)=8   f(f)=9  f(e)=10

f(a)=0+8

d = 0

d = 1

d = 2

d = 3



Given the original estimations of h(n), use the A* algorithm, work 

out the new cost of each node and the subsequent order in 

which the nodes are expanded.
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Out-and-about in Symbolania (2) 

ÅE to A?

ÅF to A?

ÅH to A?



A* Search in Symbolania (1) 

ÅE to A
Åf(E)=(0+39)=39
Åf(D)=(31+25)=56 f(F)=(29+47)=76
Åf(A)=(31+32+0)=63 f(C)=(31+27+20)=78 

f(E)=(31+31+39)=101 f(F)=76 
f(F)=(31+79+47)=157
Å-> Path = EDA



A* Search in Symbolania (2) 

ÅF to A
Åf(F)=(0+47)=47
Åf(E)=(29+39)=68 f(G)=(35+65)=100 f(D)=(79+25)=104
Åf(D)=(29+31+25)=85 f(G)=(35+65)=100 f(D)=(79+25)=104

f(F)=(29+29+47)=105
Åf(A)=(29+31+32+0)=92 f(G)=(35+65)=100 f(D)=(79+25)=104 

h(C)=(29+31+27+20)=107 h(E)=(29+31+31+39)=130 
h(F)=(29+31+79+47)=186

Å-> Path = FEDA
A* search is optimal



A* Search in Symbolania (3) 

ÅH to A
Åf(H)=(0+61)=61
Åf(I)=(9+50)=59 f(G)=(24+65)=89
Åf(H)=(9+9+61)=79 f(G)=89
Åf(I)=(9+9+9+50)=77 f(G)=89 f(G)=(9+9+24+65)=107
Åf(G)=89 f(H)=(9+9+9+9+61)=97 f(G)=107
Åf(H)=97 f(F)=(24+35+47)=106 f(G)=107 f(H)=(24+24+61)=109
Å ...

Might take a while but A* search is complete



Properties of A*

ÅIf h(n) is an admissible heuristic function, A* 
search is complete and optimal

ÅHowever for most problems, the number of 
nodes within the search space is exponential 
in the length of the solution

ÅComputational time is not the main drawback

ïKeeps all generated nodes in memory

ïA* usually runs out of space long before it runs out 
of time!



Best-first summary

ÅBest-first search expands minimum cost 
nodes (according to some measure) first

ÅGreedy searchminimises the estimated 
cost to the goal, f(n) 

ïUsually decreases search time

ïNeither complete nor optimal

ÅA* search is complete & optimal, but can 
have prohibitive space/time complexity



Heuristic functions

Å Example: Heuristics for the 8-puzzle

Å Average solution cost for a randomly generated 8-puzzle is about 22 
steps

ïExample above: solution is 26 steps

Å Branching factor is approximately 3
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Admissible Heuristics (1)

Åh(n) must never overestimate the cost 
to reach the goal

ÅAdmissible heuristics are optimistic

ïThey think the cost of solving the 
problem is less than it actually is

ÅA* is optimal if h(n) is an admissible 
heuristic

ÅExample admissible heuristic

ïStraight line distance used to get to 
Brisbane
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Admissible Heuristics (2)

Å If we want to find the shortest solution using A* we need 
a heuristic function that never overestimates the number 
of steps to the goal

ÅAverage solution cost: 22 steps
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An 8-puzzle heuristic method

Å Heuristic method
ï Count the number of tiles in the wrong place

Å No guarantees of success but useful

Blank Moves Number incorrect
- 6
left 5
right 7
up 7
down 6
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7 8
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8-puzzle heuristic function h1

Å For the 8-puzzle

ï How do we translate our heuristic method ςcount the number of tiles in 
the wrong place ςinto a function that our computer program can use?

Å h1(n) = number of misplaced tiles

Å h1(S) = 7

Å Admissible ςany tile out of place would have to be moved at least once
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8-puzzle heuristic function h2

Åh2(n) = total Manhattan/city-block distance
ïi.e. number of squares from the desired location of 

each tile

Åh2(S) = 3+2+0+1+1+2+2+1 = 12
ÅAdmissible ςall any move can do is move one tile closer to 

the goal
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Heuristic Performance

ÅQuality of a heuristic may be measured by the 
effective branching factor

Å If the number of nodes generated by A* for a 
particular problem is N, and the solution is at depth 
d, then b* is the branching factor that a uniform tree 
of depth d would have to have in order to contain 
N+1 nodes

N + 1 = 1 + b* + b*2 + ... + b*d = (b*d+1ς1) / (b* ς1 )

ÅWell designed heuristic would have a value of b* 
close to 1



Dominance

Å If h2(n) җ h1(n) for all n (both admissible) then h2(n)  
dominatesh1(n) and is better for search

Å It is always better to use an admissible heuristic function 
with higher values

ÅBelow is the cost and b* for 8-puzzle solutions



Inventing admissible heuristics

ÅFor 8-puzzle h1 and h2 are accurate path lengths for 
simplified version of puzzle

ÅProblem with fewer restrictions on actions is a relaxed 
problem

Å8-puzzle actions:
ïA tile can move from square A to square B if A is adjacent to B 

and B is blank
ïThree relaxed versions of the above action-rule

1. a tile can move from A to B if A is adjacent to B
2. a tile can move  from A to B if B is blank
3. a tile can move from A to B

ïFrom 1. we can derive h2

ïFrom 3. we can derive h1



Local search algorithms:
Iterative Improvement

ÅOften state description contains all of the 
information needed
ïPath is irrelevant ςwe no longer care about the steps 

to get there
ïhƴƭȅ άƭƻŎŀƭέ ƛƴŦƻǊƳŀǘƛƻƴ ƛǎ ǳǎŜŘ ςthe space is not 
ǎŜŀǊŎƘŜŘ ǿƛǘƘ ŀ άƎƭƻōŀƭέ ǾƛŜǿ

ÅIterative improvement: start in a complete 
configuration and make incremental changes to 
improve its quality
ÅImprovement can be measured using an objective 

function



Aim: find the global maximum by modifying 

the current state from local information



Three local search algorithms

ÅHill climbing
ïTake actions that improve the current state (greedy 

local search) 

ÅSimulated annealing
ïSelect actions stochastically (may make things worse 
ǘŜƳǇƻǊŀǊƛƭȅύ ŀŎŎƻǊŘƛƴƎ ǘƻ ŀ ŘŜŎǊŜŀǎƛƴƎ άǘŜƳǇŜǊŀǘǳǊŜέ

ÅGenetic algorithms
ïSearch using a population of states, in which each 
ǎǘŀǘŜ ƛǎ ǎǳōƧŜŎǘŜŘ ǘƻ άŜǾƻƭǳǘƛƻƴŀǊȅ ǎŜƭŜŎǘƛƻƴέ ŀƴŘ 
άŜǾƻƭǳǘƛƻƴŀǊȅ ǇǊƻŎŜǎǎŜǎέ ǘƻ ŎǊŜŀǘŜ ŀ ƴŜǿ όƳƻǊŜ άŦƛǘέύ 
population of states



Hill Climbing search

1. Set n be the initial node in the problem.

2. If n is a goal node, stop and return it.

3. Otherwise, expand n (consider only the 
successors of n). Use heuristic function to 
sort nΩǎchildren by their expected distance to 
the goal (greedy search).

4. Assign n the value of the best successor.
Return to step 2.
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Using hill-climbing search and given these heuristic values determine the 

order in which the nodes are searched.
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Hill Climbing

F(f)=7 F(e)=8. Stop: best solution: b, with F(b)= 4.

Improvements: random re-starts, random move order, 

sideways moves.

F(b)=4    F(c)=6    F(d)=7

F(a)=8
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Problems

ÅProblems of local maxima 
(if maximising) 

ÅDealing with plateaux

ÅRidges
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Variations of Hill Climbing

ÅStochastic hill climbing

ïRandomly choose one of the uphill moves

ÅFirst-choice hill climbing

ïRandomly generative successor states, choose first 
that is better than the current state

ÅRandom-restart hill climbing

ïStart from a series of randomly generated initial 
states



Simulated Annealing (1)

ÅNamed after a metal-casting technique

ïmolten metal is gradually annealed

ïgradual temperature decrease results in a low energy 
structure

ïanalogous to a lost cost solution

ÅPurpose - to avoid the problem of local minima

ÅPropose steps in random directions

ÅAccept moves which lower cost and some which 
increase it



Simulated Annealing (2)

ÅTemperature parameter controls how often we accept 
moves which increase cost

ÅUsually given a schedule like: T(x) = exp(-x), where x = 
number of moves proposed

ÅInitially: accept almost any move
ÅFinally: only accept improvements (same as hill-

climbing)
ÅMoves smoothly from global to local search
ÅAvoids local minima at various scales



Simulated Annealing (3)

ÅIdea: escape local minima by allowing some 
άōŀŘέ ƳƻǾŜǎ ōǳǘ gradually decrease their 
probability

ÅA probabilistic element included
ïallows movement to worse states

ÅGreater probability of accepting worsening moves 
at the start

ÅProbability decreases slowly over time

Åά¢ŜƳǇŜǊŀǘǳǊŜέ ǇŀǊŀƳŜǘŜǊΥ ƎƻŜǎ ŦǊƻƳ ƘƛƎƘ ǘƻ ƭƻǿ



Simulated Annealing (4)

1. Set n be the initial node in the problem.

2. If n is a goal node, stop and return it.

3. Otherwise, expand n (consider only the successors of 
n). 

4. Assign m the value of one of nΩǎchildren, chosen 
randomly.

5. If m is better than n, assign n the value m. Else, assign 
n the value m with probability proportional to the 
temperature.

6. Decrease the temperature. Return to step 2.



The Genetic algorithm



Example: Using the genetic 

algorithm for ñcircuit designò

ÅhōƧŜŎǘƛǾŜ ŦǳƴŎǘƛƻƴ ƛǎ ǘƘŜ ƛƴǾŜǊǎŜ ƻŦ ǘƘŜ άŜƴŜǊƎȅ 
ŎƻƴǎǳƳŜŘέ ōȅ ǘƘŜ ŘŜǎƛƎƴ

1. A population of random designs are generated (we use 
numbers to specify the design)

2. ¢ƘŜ ǇƻǇǳƭŀǘƛƻƴ ƛǎ άǊŀƴƪŜŘέ ŀŎŎƻǊŘƛƴƎ ǘƻ ǘƘŜ ƻōƧŜŎǘƛǾŜ 
function

3. ¢ƘŜ ōŜǎǘ ŀǊŜ ǎǘƻŎƘŀǎǘƛŎŀƭƭȅ ǎŜƭŜŎǘŜŘ ŀǎ άǇŀǊŜƴǘǎέ

4. άtŀǊŜƴǘǎέ όǘƘŜƛǊ ŘŜǎƛƎƴ ǎǇŜŎƛŦƛŎŀǘƛƻƴǎύ ŀǊŜ ǎǘƻŎƘŀǎǘƛŎŀƭƭȅ 
άǊŜŎƻƳōƛƴŜŘέ ŀƴŘ άƳǳǘŀǘŜŘέ ǘƻ ƎŜƴŜǊŀǘŜ ŀ ƴŜǿ 
population.

5. Repeat from step 2 until one individual in the population 
ƛǎ άƎƻƻŘ ŜƴƻǳƎƘέ



Summary

ÅBest-first search: Greedy search and A* search

ÅHeuristics ςinventing admissible heuristics

ÅProblems with these methods

ÅLocal search: Hill climbing, Simulated 
annealing, Genetic algorithms

ÅApplications


