
Assignment 1: Search 
– the 15 and Quad-4 
puzzle

•Parts of the assignment

•Review relevant theory

•Questions?



Parts of assignment

1. Problem Representation: Formally represent the 
Quad-4-puzzle (1 mark)‏

2. Heuristic Functions: Implement two provided heuristic 
functions for the 15-puzzle (1 mark)‏

3. Invented Heuristic Functions: Implement two new 
heuristic functions for the Quad-4 puzzle (2 marks)

4. Informed Search Algorithms: Implement the Greedy 
and A* algorithms (2 marks)‏

5. Repeated States: Implement detection of repeated 
states (1 mark)‏

6. Evaluate: Evaluate the heuristic functions for the 15-
puzzle and the Quad-4 puzzle with Greedy and A* 
search (3 marks)‏



Marks

• Total available marks: 10 

• Assignment 1 worth 10% of final course mark

• Beneficial to work in pairs



• heuristic design and proving

• programming, including debugging and 

testing

• comments throughout code

• testing on many random initial states of the 

puzzle, effective branching factors, 

comparison

• written parts - pseudo code, documenting 

work and results, discussion

Work required: substantial



Programming Language: Java

• Supporting code provided

• Even if not your best language:

• can work in pairs, so together you may be ok

• a chance to get some practice in it

• is very widely used in industry, academia, etc



Eclipse IDE



NetBeans



The 15-puzzle

• The 15-puzzle is an apparently simple puzzle for a 
single player, containing 15 numbered tiles and a blank 
space on a 4x4 board

• The puzzle is set up in a random configuration and the 
goal is to move the tiles around until an ordered goal 
state is reached, having the tile numbers in order 
across and down the board, with the blank in the 
bottom right-hand corner 

• The only moves available are to move a tile into a 
vertically or horizontally adjacent empty square

• The state space for this problem is quite large, 
containing approximately 1013 states, so exhaustive 
search is a poor problem-solving strategy



The 15-puzzle
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The Quad-4-puzzle

• A variation of the 15-puzzle is the Quad-4-
puzzle, in which the 15 numbered tiles are 
numbered between 1 and 4
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1. Problem Representation
• Formally represent the Quad-4-puzzle problem.
• Your assignment must contain the following:
1. List all relevant objects in the problem description 

and state the possible states of the game, the initial 
state of the game, goal test conditions, and step cost / 
path cost (0.5 marks); 

2. Represent the states in a well-known data structure, 
such as array, queue, stack, linked list, or your choice 
of mathematical model and describe the 
representation (0.25 marks); 

3. Represent the state space with mathematical 
formulas, operations (including the successor 
function), and constraints and describe the 
representation (0.25 marks); 



Problem Formulation

• A problem is defined by the four items

1. Initial state
• The state that the system knows itself to be in

2. Actions and states to consider, as give by a successor function
• Given the state x, S(x) returns the states reachable from x by any 

single action

The initial state and the successor function define the state space of 
the problem: the set of all states reachable from the initial state 
by any sequence of actions.

3. Goal test
• Determines whether a given state is the goal state

4. Path cost (additive)‏
• The sum of the costs of the individual actions along the path

• A solution is a sequence of action leading from the initial state to the 
goal state



Example: The 8-puzzle
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States:

Initial state:

Successor function:

Goal state:

Path cost:

The location of each of the 8 tiles and blank

Any state

Legal states resulting from actions (blank moves Left, Right, Up, Down)

Current state matches right side above

Each step costs 1, path cost is number of steps in the path



Representations

• Should be as formal as possible

• Goal is to need as few assumptions as possible

• A good representation will make transitions easy 
to implement

• Constraints on the states also need to be 
considered
– Checked during transitions 

– Check before or after transitions

– Make invalid states infinitely bad

• Provide more detail than is given in the textbook



2. Heuristic Functions

• Implement the following heuristic functions (0.5 
marks each):
– h1 = the number of misplaced tiles
– h2 = (Manhattan distance) the sum of the distances of 

the tiles from their goal positions

• Your assignment must contain the following:
1. Formal description of h1 and h2 (0.25 marks);
2. Pseudocode for h1 and h2, including comments 

and a description (0.25 marks);
3. Correct implementations of h1 and h2 in Java 

(0.5 marks).



8-puzzle heuristic function 1

• h1(n) = number of misplaced tiles

• h1(S) = 8

• Admissible – any tile out of place would have to be 
moved at least once
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8-puzzle heuristic function 2

• h2(n) = total Manhattan/city-block distance

• i.e. number of squares from the desired location of 
each tile

• h2(S) = 4+2+3+3+1+2+2+1 = 18

• Admissible – all any move can do is move one tile 
closer to the goal
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3. Invented Heuristic Functions

• Implement two heuristic new functions h3 and h4 (1 
mark each):

• Your assignment must contain the following for each 
heuristic:

1. Formal description of your heuristic (0.25 marks 
each);

2. Pseudocode for your heuristic , including comments 
and a description (0.25 marks each);

3. Correct implementations of the pseudocode in Java 
(0.5 marks each).

• You cannot use h1, h2, or the following heuristic 
function described in the text book: 
– h5 = max{h1,h2}.



Heuristic function

• Evaluation function 

f(n) = some combination of g(n) and h(n)‏

• g(n) = cost so far to reach n: known

• h(n) = estimated cost to goal from n: heuristic function

• f(n) = estimated total cost of path through n to goal



Admissible Heuristics

• h(n) must never overestimate the 

cost to reach the goal

• Admissible heuristics are optimistic

• They think the cost of solving the 

problem is less than it actually is

• A* is optimal if h(n) is an admissible 

heuristic

• Example admissible heuristic

• Straight line distance used to get to 
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Inventing admissible heuristics

• For 8-puzzle h1 and h2 are accurate path lengths for simplified 

version of puzzle

• Problem with fewer restrictions on actions is a relaxed 

problem

• 8-puzzle actions:

• a tile can move from square A to square B if A is adjacent 

to B and B is blank

• Three relaxed versions of the above action-rule

1. a tile can move from A to B if A is adjacent to B

2. a tile can move  from A to B if B is blank

3. a tile can move from A to B

• From 1. we can derive h2

• From 3. we can derive h1



Using pattern databases for heuristic design 

(p108-109 of R&N): complex, but effective

• Store exact solution costs for sub-problems: make these 

values the heuristic.

• Example: 8-puzzle: order tiles 1,2,3,4 correctly

• Can improve by adding costs of solving more than one 

subproblem, not counting single moves which affect more than 

one problem -> disjoint pattern database heuristics.



4. Informed Search Algorithms

• Implement the Greedy and A* search algorithms 
(1 mark each):

• Your assignment must contain the following for 
each search algorithm:

1. Formal description of the search algorithm (0.25 
marks each);

2. Pseudocode of the search algorithm, including 
comments and a description (0.25 marks each);

3. Correct implementation of Greedy and A* 
Search in Java (0.5 marks each).



Best-first search

• Expand‏that‏node‏in‏list‏which‏is‏evaluated‏as‏“best”

• Effectiveness depends on quality of guesses –
different heuristic functions

• Implemented with a priority queue

• Maintain the fringe in ascending order of f-values

• Two kinds of best-first algorithms:

• Greedy search: expand node closest to goal;

• choose node n where f(n) = h(n) is minimised

• A*: Expand node on least-cost solution path;

• choose n where f(n) = h(n) + g(n) is minimised



Greedy search

• Tries to expand the node closest to the goal

• Idea: use an evaluation function for each 

node

• Estimate of desirability

• Ý expand most desirable node

• Implementation

• Fringe is a queue sorted in decreasing order 

of desirability



Greedy search

1. Set L to be a list of the initial nodes in the problem.

2. Let n be the first node on L that is expected to be 

closest to the goal. If L is empty, fail.

3. If n is a goal node, stop and return it and the path 

from the initial node to n.

4. Otherwise, remove n from L and add to L all of n’s

children, labelling each with its path from the initial 

node.             Return to step 2.



A* search

• Idea: avoid expanding paths that are already 

expensive

• Evaluation function f(n) = g(n) + h(n)‏

• g(n) = cost so far to reach n

• h(n) = estimated cost to goal from n

• f(n) = estimated total cost of path through n to 

goal



A* Algorithm

1. Set L to be a list of the initial nodes in the problem.

2. Let n be the node in L for which f(n) is minimal. If L

is empty, fail. 

3. If n is a goal node, stop and return it and the path 

from the initial node to n.

4. Otherwise, remove n from L and add to L all of n’s

children, labelling each with its path from the initial 

node. Return to step 2. 



Best-first summary

• Best-first search expands minimum cost 

nodes (according to some measure) first

• Greedy search minimises the estimated cost 

to the goal, f(n) 

• Usually decreases search time

• Neither complete nor optimal

• A* search is complete & optimal, but can 

have prohibitive space/time complexity.



5. Repeated States

• Implement detection of repeated states:

• Your assignment must contain the following:

1. Formal description of how to detect and 
avoid repeated states (0.25 marks);

2. Pseudocode showing how you detect and 
avoid repeated states, including comments 
and a description (0.25 marks); 

3. Correct implementation of repeated state 
detection and avoidance in Java (0.5 marks).



Repeated states

• Failure to detect repeated states can turn a 
linear problem into an exponential one!
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Dealing with repeated states

• Do not return to the state you just came from
– 9ȄǇŀƴŘ ŦǳƴŎǘƛƻƴ ŘƻŜǎƴΩǘ ŀƭƭƻǿ ƎŜƴŜǊŀǘƛƻƴ ƻŦ ŀ 

successor that is the same state as the parent 
node

• Do not create paths with cycles in them
– 9ȄǇŀƴŘ ŦǳƴŎǘƛƻƴ ŘƻŜǎƴΩǘ ŀƭƭƻǿ ƎŜƴŜǊŀǘƛƻƴ ƻŦ ŀ 

successor that is the same state as any of the 
ancestor nodes

• Do not generate any state that was ever 
generated before
– 9ȄǇŀƴŘ ŦǳƴŎǘƛƻƴ ŘƻŜǎƴΩǘ ŀƭƭƻǿ ƎŜƴŜǊŀǘƛƻƴ ƻŦ ŀ 

successor that is the same as any existing node



6. Evaluate

• Evaluate the four heuristic functions with Greedy and A* search.
• Your assignment must contain the following:
1. Effective branching factors (EBFs) for depths (solution lengths) 5, 

10, 15, 20, and 25 for the heuristic functions for the 15-puzzle and 
the Quad-4-puzzle and both search algorithms. EBFs should be 
averaged over 5 runs for each depth. (1 marks)

2. Evaluation of strengths and weaknesses of the heuristic functions 
based on evaluation of EBFs, space and time complexity for 
evaluating your heuristic functions, accuracy of the heuristic 
functions, completeness, and optimality. (2 marks)

• Note: You can use the supplied code for generating random puzzle 
states to collect 5 test results for each depth. Then, run the 
supplied code (in Node.java) or write and run your own code to 
calculate EBFs for each depth. For each test run, you need to obtain 
the total number of nodes generated and the depth (solution 
length) to obtain its effective branching factor.



Heuristic Performance

• Quality of a heuristic may be measured by the 
effective branching factor

• If the number of nodes generated by A* for a 
particular problem is N, and the solution is at depth 
d, then b* is the branching factor that a uniform tree 
of depth d would have to have in order to contain 
N+1 nodes

N + 1 = 1 + b* + b*2 + ... + b*d = (b*d+1ς1) / (b* ς1 )

• Well designed heuristic would have a value of b* 
close to 1



Comparing branching factors

• Assume we fix the search algorithm to be e.g. A* 

and want to compare two admissible heuristics.

• The optimal (shallowest) goal state will be found 

in both cases at a depth d.

• Each heuristic may cause the evaluation of a 

different number of nodes.

• Can convert these to branching factors and 

compare – smaller values of b* are better.

• Limited testing only estimates b* - would need 

unlimited runs on problems of unlimited depth 

for complete accuracy.



Comparing b* estimates without optimality

• Problem is that the depths of the solutions found 
can be different with different search algorithms 
and/or heuristics.

• If use d = depth of solution found, an algorithm 
finding a deeper, non-optimal solution and 
expanding more nodes could still get a lower b*.

• Undesirable, so make the comparison fair by 
fixing d to be the depth of the optimal solution in 
all cases.

• Will come up in assignment when considering 
Greedy search or if using inadmissible heuristics 
with either A* or Greedy.



Dominance

• If h2(n) ≥‏h1(n) for all n (both admissible) then h2(n)  

dominates h1(n) and is better for search

• It is always better to use an admissible heuristic 

function with higher values

• Below is the cost and b* for 8-puzzle solutions



Program Documentation and Report

• Source code should be well documented, use 
meaningful variable names and correct 
indentation.

• Report should be well presented with correct 
English expression.

• There will be marks deducted if your PDF and 
code do not contain your names and Student 
IDs.



Submission

• Submit two files online 
(http://submit.itee.uq.edu.au/)

– Source code (*.java into a .jar or .zip)

– PDF of your report

• Group name should be the student number of 
the person submitting the assignment

• If you resubmit, please resubmit all relevant 
files

http://submit.itee.uq.edu.au/


Submission

• Submit an assignment cover sheet signed by 
all members of the group in your tutorial, in 
the lecture, or to my office (Axon 308)

– Provided by the online submission system OR

– http://studenthelp.itee.uq.edu.au/assignments/

http://studenthelp.itee.uq.edu.au/assignments/


Questions?


