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Problem setting

Extension of Codd’s relational model:
@ extension of data tables and related agenda
o similarity relations on domains

o ranks assigned to tuples

Reason:

@ to introduce formal (logical) model for
© similarity-based queries

“Show all houses that are sold for $400,000.”
@ approximate dependencies in data

“Do houses in similar locations have similar prices?”

Not Discussed:

@ physical model (logical model is independent, cf. Proc. IDA 2007)
@ algorithms (future research), ...
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Our extension of Codd’'s model

(ranked) data tables over domains with similarities

name age education
Adams 30 Comput. Sci.
Black 30 Comput. Eng.
Chang 28  Accounting
Davis 27 Comput. Eng.
Enke 36  Electric. Eng.
Francis 39 Business
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Our extension of Codd’'s model

(ranked) data tables

over domains with similarities

nl*nnzz{

name age education
Adams 30 Comput. Sci.
Black 30 Comput. Eng.
Chang 28  Accounting
Davis 27 Comput. Eng.
Enke 36  Electric. Eng.
Francis 39 Business

1 if ny = ng

0 if ny 75 %)

a1 R az = sq(|ar — azl)
with scaling s, : ZT — [0,1]

Belohlavek, Vychodil (SUNY, UPOL)

Foundations of Similarity-Based Databases

~,|A B CECSEE

CE 1 .9.7
cs 91 .6
EE 7.6 1

DASFAA / MCIS 2009

5 /40



Our extension of Codd’'s model

(ranked) data tables over domains with similarities

D(t) name age education
1.0 Adams 30 Comput. Sci.
1.0 Black 30 Comput. Eng.
0.9 Chang 28  Accounting
0.8 Davis 27 Comput. Eng.
0.4 Enke 36  Electric. Eng.
0.3 Francis 39 Business

ny ~ n2={1 if = mp —

" 0 if ny 75 %)

a1 Rq az = sq(|ay — azl)

with scaling s, : ZT — [0,1]

ranked table = answer to similarity-based query
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Related work (1 of 2)

Extensions of Codd’s model employing fuzzy logic
@ several approaches, many papers

@ Raju, Majumdar, Fuzzy functional dependencies and lossless join
decomposition of fuzzy relational database systems.
ACM Trans. Database Systems Vol. 13, No. 2, 1988, pp. 129-166.

Extensions of Codd’s model employing probability
o different both semantically and technically (probability#fuzzy logic)

o Fuhr, Rolleke, A probabilistic relational algebra for the integration of
information retrieval and database systems.
ACM Trans. Information Systems 15:32—-66, 1997.

@ D. Dey and S. Sarkar S. A probabilistic relational model and algebra.
ACM Trans. Dat. Syst. 21:339-369, 1996.
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Related work (2 of 2)

Fagin at al.

@ R. Fagin. Combining fuzzy information: an overview.
ACM SIGMOD Record 31(2):109-118, 2002.

@ Natsev, Chang, Smith, Li, Vitter: Supporting incremental join queries
on ranked inputs. VLDB 2001, pp. 281-290.

@ Cohen, Sagiv: An incremental algorithm for computing ranked full
disjunctions. PODS 2005, pp. 98-107.

RankSQL + related research

o Li, Chang, llyas, Song: RanSQL: Query Algebra and Optimization for
Relational top-k queries.
ACM SIGMOD 2005, pages 131-142, 2005.

o lllyas, Aref, Elmagarmid: Supporting top-k join queries in relational
databases. The VLDB Journal 13:207-221, 2004.
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What is Fuzzy Logic?

Term fuzzy logic is used in
@ broad sense: any application of fuzzy approach in modeling
o Zadeh L A.: Fuzzy sets. Inf. Control (1965)
e simple observations on handling of vagueness
@ narrow sense: mathematical fuzzy logic
Héjek P.: Metamathematics of Fuzzy Logic. (1998)
Basic Logic (BL-logic), propositional /predicate; logic of continuous t-norms
Hohle, Esteva, Godo, Gottwald, Montagna, . ..
various logical calculi (MTL-logic)

Basic principle: we allow for propositions to have intermediate truth
degrees instead of just 0 (false) and 1 (true), e.g.

||value x is similar to value y.||m = 0.9
intuitive meaning “values = and y are very similar/almost equal,...".
Our Approach:

@ our (extended) model ~ predicate fuzzy logic(s)
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Preliminaries: structures of truth degrees

(Complete) residuated lattice — basic structure of truth degrees
L= (L,AV,® —,0,1), where

(L A, V,0,1) ... (complete) lattice,
(L, > ... commutative monoid,
(®,

) adjoint pair (a®b < ciffa <b— c).
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Preliminaries: structures of truth degrees

(Complete) residuated lattice — basic structure of truth degrees
L=(L,AV,® —,0,1), where

(L,A\,V,0,1) ... (complete) lattice,

(L,®,1) ... commutative monoid,

(®,—) ... adjoint pair (a @b < ciffa<b— c).

Structures on [0, 1] (based on t-norms)
L = ([0, 1], min, max, ®, —, 0, 1) given by left-continuous (continuous) ®.

Lukasiewicz: Godel (minimum):
a®b=max(a+b—1,0), a®b=m1n(c%,b),
a— b=min(l —a+b,1), 04— b= 1 |fa§(.),
b otherwise,
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Preliminaries: structures of truth degrees

(Complete) residuated lattice — basic structure of truth degrees
L=(L,AV,® —,0,1), where

(L,A\,V,0,1) ... (complete) lattice,

(L,®,1) ... commutative monoid,

(®,—) ... adjoint pair (a @b < ciffa<b— c).

Structures on [0, 1] (based on t-norms)
L = ([0, 1], min, max, ®, —, 0, 1) given by left-continuous (continuous) ®.

Godel (minimum):

tukasiewicz: .
a®b=max(a+b—1,0), a®b=m1n(c?,b),
a—b=min(l —a+b,1), 04— b= 1 |1"a§(.)7

b otherwise,

Finite structures of truth degrees
L={ay=0,a1,...,a, =1} C[0,1] ... finite subset of [0, 1]
finite Lukasiewicz chain / Godel chain ... restrictions of ®, — on finite L
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Preliminaries: truth-stressing hedges

Truth-stressing hedges (Takeuti+Titani, Baaz, Hdjek,...)

(idempotent) truth-stressing hedge ... mapping *: L — L satisfying
1*:1, CL*SCL, (a—>b)*§a*—>b*, *k *

meaning of *: truth function of logical connective “very true”

Belohlavek, Vychodil (SUNY, UPOL)
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Preliminaries: truth-stressing hedges

Truth-stressing hedges (Takeuti+Titani, Baaz, Hdjek,...)
(idempotent) truth-stressing hedge ... mapping *: L — L satisfying

1>|<:17 CL*SCL, (a—>b)*§a*—>b*, o = a*

meaning of *: truth function of logical connective “very true”
Two boundary hedges
Q identity, i.e. * =a (a € L);

.. 1 ifa=1 . . Y
@ globalization: o* = . ... interp. “fully true
0 otherwise.
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Preliminaries: truth-stressing hedges

Truth-stressing hedges (Takeuti+Titani, Baaz, Hdjek,...)
(idempotent) truth-stressing hedge ... mapping *: L — L satisfying

1>|<:17 a*Sm (a—>b)*§a*—>b*, o = a*

meaning of *: truth function of logical connective “very true”

Two boundary hedges
Q identity, i.e. * =a (a € L);
1 ifa=1,

lobalization: a* = i
@ globalization: a {O otherwise.

. interp. “fully true”

*1 *2 *3 *4

PE L
PR X

o ©

O BlIE NI= R0

OROROR ORI
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Preliminaries: fuzzy sets and fuzzy relations

Residuated structure of truth degrees
L = <L7 \/7 /\7 _)7 ®7 *707 1>
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Preliminaries: fuzzy sets and fuzzy relations

Residuated structure of truth degrees
L = <L7 \/7 /\7 _)7 ®7 *707 1>

Fuzzy sets (L-sets)

L-set A in universe U ... mapping A: U — L, A={... ,A(“)/u, .
A(u): “degree to which u belongs to A”
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Preliminaries: fuzzy sets and fuzzy relations
Residuated structure of truth degrees

L= <L7\/7/\7_)7®7*707]->

Fuzzy sets (L-sets)
L-set A in universe U ... mapping A: U — L, A={... ,A(“)/u, .
A(u): “degree to which u belongs to A”

Fuzzy relations (L-relations)
binary L-relation R between U and V ... mapping R: U xV — L,

R(u,v): "degree to which uw € U and v € V are R-related”
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Preliminaries: fuzzy sets and fuzzy relations

Residuated structure of truth degrees
L = <L7 \/7 /\7 _)7 ®7 *707 1>

Fuzzy sets (L-sets)
L-set A in universe U ... mapping A: U — L, A={..., AW/, .}
A(u): “degree to which u belongs to A”

Fuzzy relations (L-relations)
binary L-relation R between U and V ... mapping R: U xV — L,

R(u,v): “degree to which w € U and v € V are R-related”
Operations with L-sets

LY ... collection of all L-sets in universe U,
operations defined componentwise, e.g. (AN B)(u) = A(u) A B(u), ...
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Application

Example (Formalization of “Normal Blood Pressure™)

What is normal systolic blood pressure?

1 1

1 1

100 120 140

100 120 140

Fuzzy set (unary fuzzy relation) in universe [0, co).

@ warning: degrees of truth # degrees of belief

@ compare: “Next patient will have systolic blood pressure 120 £+ 10".

Belohlavek, Vychodil (SUNY, UPOL)

DASFAA / MCIS 2009

12 / 40



More on Mathematical Fuzzy Logic (1 of 2)

Syntax of Fuzzy Logics (predicate calculi)

@ object variables, function and relation symbols (with arities)

@ logical connectives: ® (strong conjunction), = (implication) A
(conjunction) V (disjunction).

@ constants for truth degrees: 0, 1, in general: @

o formulas: defined inductively as in classical logic
o 7(t1,...,t,) — atomic formula,

o if ¢ and v are formulas, then (¢ ® ¢), (¢ = ), ... are formulas
o if ¢ is formula and x is object variable then (V)¢ and (3x)v are formulas

Example (Example of Formulas)
o (Vz)(r(z) = s(x)), r(f(z)) =0, J

@ additional connectives: A, V, <, ...

@ new nontrivial connectives: e.g., Ay reads “p is very true”
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More on Mathematical Fuzzy Logic (2 of 2)

Semantics of Formulas

@ semantic components: fuzzy structures + evaluations of (free) variables
Fuzzy Structure (analogy of first-order structure)

@ M = universe (nonempty)

o functions fM: M™ — M interpreting function symbols

o fuzzy relations ™™ : M™ — L interpreting relation symbols
L ... support of a (complete) residuated lattice

Degrees of Truth: ||r(t,.

ot = rM(

”t].HM,va FR) thHM,v)

e ® Dllaw = llellve @ [[¢lIme, e = Plime = el = [[$]m0,

I(V2)ellvo = Av=o llellvers 1E2)¢lIMe = Ve, 1ol Ivar,

180l = (llellve), lallmp = a.
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Application

Example (Obtaining “Graded Subsethood™)
Subsethood of sets A and B:
(Vz)(zr € A=z € B),
(Vz)(ra(z) = rp(x)).

which is true in a structure M with 73 = A and ¥ = B iff,
for each z, if z is in A then z is in B.
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Application

Example (Obtaining “Graded Subsethood™)
Subsethood of sets A and B:

(Vz)(zr € A=z € B),
(Vz)(ra(z) = rp(x)).

which is true in a structure M with 73 = A and ¥ = B iff,
for each z, if z isin A then z is in B.

In graded setting, the same formula:

(Va)(ra(z) = rp(z))

evaluated in a fuzzy structure M with rA X — L and rB X — L:

|[(V2)(ra(e) = r(@)|lM = Asex (i (=) — rEi(2)) =
degree to which A: X — L is a subset of B: X — L.
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PART Il

Ranked data tables over domains with similarities
and relational operations in our model
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Recall: Our Extension

D(t) name  age education
1.0 Adams 30 Comput. Sci.
1.0 Black 30 Comput. Eng.
0.9 Chang 28  Accounting
0.8 Davis 27 Comput. Eng.
0.4 Enke 36  Electric. Eng.
0.3 Francis 39 Business
" A% |A B CECSEE
711%71712:{(1) :fzi;:; A |17
B |71
a1~ as = sq(|ar — as)) CE 1.9 .7
with scaling s, : Z+ —[0,1]  © 016
EE 7.6 1

Note: “Job Applicants” (similarity of names is trivial)
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Our extension formalized . ..

Definition (ranked data table over domains with similarity relations)
A RDT over domains with similarity relations (with Y and L) is given by
e domains: for each y € Y, D, # () (domain of y, set of values of y);

o similarities: for each y € Y, =, is a binary fuzzy relation (called
similarity) in D, (i.e. a map ~y: Dy x D, — L) that is reflexive (i.e.
u ~y u = 1) and symmetric (u Ry U=V Ry U);

o ranking: for each tuple (row) t € [,y Dy, there is a degree D(t) € L
(called rank of ¢ in D) assigned to ¢.
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Our extension formalized . ..

Definition (ranked data table over domains with similarity relations)
A RDT over domains with similarity relations (with Y and L) is given by

e domains: for each y € Y, D, # () (domain of y, set of values of y);

o similarities: for each y € Y, =, is a binary fuzzy relation (called
similarity) in D, (i.e. a map ~y: Dy x D, — L) that is reflexive (i.e.
u ~y u = 1) and symmetric (u ~, v = v =y u);

o ranking: for each tuple (row) t € [,y Dy, there is a degree D(t) € L
(called rank of ¢ in D) assigned to t.

v

Remark
@ Framework for similarity-based queries and DB operations
o similarities = needed to express “approximate matches”
o ranks = degrees to which “tuples match queries”
@ If L =2 (ordinary case), if each =, is identity
— Codd’s relational DB model (relation over scheme Y').
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Relational Algebra

Relational Operations

@ counterparts of Boolean operations
e basic operations
o derived operations

@ new operations that arose in fuzzy logic
@ similarity-based selection and join (and projection)
@ further operations: top;, as a relational operation

Notation:

o L ... complete residuated lattice

e D,D',Dy,Ds,...... ranked data tables over domain with similarities
e y,vy,y1,y1 ... attributes

o t.t' t1,ta,...,5,8,51,80,...... tuples

@ t[y] ... denotes a value from D, of tuple ¢ on attribute y

e name, type ... (concrete) attribute names
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Counterparts to Boolean Operations
Union D7 U Dy:

(D1 UDs)(t) = Di(t) V Da(t), for each tuple t.
Interpretation: “a degree to which ¢t matches ()1 or t matches Q5" .
In general:

(Dy symbol Ds)(t) = D1 (t) operation Da(t) .

Note: for U, N, and ®: result is a data table (finite).
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Counterparts to Boolean Operations

Union D; U Ds:
(D1 UDs)(t) = Di(t) V Da(t), for each tuple t.

Interpretation: “a degree to which ¢t matches ()1 or t matches Q5" .

In general:

(Dy symbol Ds)(t) = D1 (t) operation Da(t) .
Note: for U, N, and ®: result is a data table (finite).

Further Operations (e.g., residuation and negation):
(D1 — Ds)(t) = Du(t) — Daft),
(=D)(t) =D(t) — 0.

Restricted to active domains (as in Codd’'s model).
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Operations Specific to Our Extension

@ nontrivial unary operations

@ interesting meaning in natural language

a-shifts: (a — D)(t) = a — D(t)
truth-stressing hedges: (D*)(t)

Example (0.6-shift: tuples that match ) at least to degree 0.6)

a b c
0.9 || 769 325000 3
0.6 || 635 240000 3
0.6 || 659 200000 2
0.5 || 628 250000 3
0.3 || 567 200000 1
0.2 || 535 300000 4

D()*

a b c
1.0 | 635 240000 3
1.0 {| 6569 200000 2
1.0 {| 769 325000 3
0.9 || 628 250000 3
0.7 || 567 200000 1
0.6 || 535 300000 4
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Derived Relational Operations

Example (Derived Operation “a-cut”:)

a 1 if D(t) > a,
(D)) = {0, otherwise.

can be defined: D = (a — D)* , where * is globalization.

Example (Derived Operation “Above a":)

(above(D, a))(t) = {é)’(t), gtﬁ(r?/isze.a,

can be defined: above(D,a) =DN*D=DN(a— D)* .
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Projection

@ produces data table with tuples containing subset of attributes from D
@ both the result and the original data table D have ranks. (!!)

Projection w4 (D) of Donto ACY:
VS[A]:t D(S)a

Meaning: s goes over all tuples from D

(ma(D))(t) =

for each t € [[,c4 Dy

o (ma(D))(t) = “degree to which there is a tuple s such that the

restriction s[A] of s to A is equal ¢.”

Example (Projection 7,y (D))

a b
0.9 || 567 1
09 || 628 3
0.8 || 659 2
0.8 || 636 4
0.4 | 769 3

0.9

= 0.9

0.8
0.8

SN W R |o

v
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Similarity-Based Selection

@ makes use of similarities on domains

@ “y =" means (the value of) y is equal to (constant) “c¢”

Selection Formulas (for our purpose):
© “p=q" where p, g are variables or (constants for) values
@ each (constant for) a truth degree a € L is a selection formula

© if p and 1) are selection formulas then (¢ ® ¥), (¢ V ¥), (¢ A ),
(¢ = 1), and Ay are selection formulas.

Selection o, (D) of tuples in D matching ¢:

9,(D) = D) @ |lgll: -

Meaning: If D is a result of query Q, the rank of t in 0,(D) is a “degree
to which t matches Q and in addition it matches the selection formula ©”.
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Example

Example (Similarity-Based Selection)
Input Data D (all ranks = 1):

name type bedrooms price
Kelly Log Cabin 1 85000
Lee Single Family 4 370000
Miller Penthouse 2 290000
Nelson Ranch 4 340000
Ortiz  Single Family 3 335000

Result of Obedrooms =4 ® price=360000 (D)

name type bedrooms price
0.9 || Lee Single Family 4 370000
0.9 || Nelson Ranch 4 340000
0.7 || Ortiz  Single Family 3 335000
0.3 || Miller Penthouse 2 290000

Belohlavek, Vychodil (SUNY, UPOL)

DASFAA / MCIS 2009

25 / 40



Similarity-Based Join

Cartesian product D; X Ds:
(D1 x D2)(st) = Di(s) ® Da(t), where Di(s) > 0 and Da(t) > 0.

Join D1 <, D2 of Dy and D, by selection formula ¢:
Dl Xy DQ = O-Lp(Dl X Dg) .

Remarks
Special cases:
@ special case: D; X, —y, D2 (equi-join / join over similar values)

@ natural join

Other possible definitions, see:

Belohlavek, Opichal, Vychodil: Relational algebra for ranked tables with
similarities: properties and implementation.
In: Proc. IDA 2007, LNCS 4723(2007), 140-151.

v
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Example (Similarity-Based Join: Input Data)

Buyers (D) and Sellers (Ds)

namel typel bedroomsl pricel credit-score

Adams Single Family 3 250000 628

Black Single Family 3 325000 769

Chang  Residential 4 300000 535

Davis  Condominium 1 200000 567

Enke Ranch 3 240000 635

Flores Penthouse 2 200000 659
name2 type2 bedrooms2 year price2 taz
Kelly Log Cabin 1 1956 85000 1250
Lee Single Family 4 1975 370000 8350
Miller Penthouse 2 1994 250000 2100
Nelson Ranch 4 1969 320000 6500
Ortiz  Single Family 3 1982 250000 4350
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Example (Similarity-Based Join: Results)

T {namel,pricel,price2, typel,type2} (t0p5 (Dl Miypel =type2 ® pricel =price2 D2))

namel pricel price2 typel type2
1.0 || Adams 250000 250000 Single Family Single Family
0.8 || Black 325000 370000 Single Family Single Family
0.8 || Flores 200000 250000 Penthouse Penthouse
0.7 || Black 325000 320000 Single Family Ranch
0.7 || Enke 240000 250000 Ranch Single Family
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Selected Laws

D1 ® (D2 U D3) = (Dl U Dg) X (Dl U D3),
Dy — (Dz ﬂD3) = (Dl — Dg) N (Dl — Dg),

7A(D1 UDs) = 14(D1) Uma(Ds),
m4(D") € wa(D),
7A(D1 N Dy) C wa(Dy) Nwa(De),
ma(la — D) Ca— wa(D),
7A(D1 ® D) C a(D1) ® ma(Do),
ma(a® D) =a®ma(D),
0o(D1U D) = 0,(D1) Uoy(Da),
0,(D1 ND3) C o, (D1) N Do,
0,(D1 ® D3) = D1 ® 0,(Da),
0,(D1 ® D) = 0,(D1) @ Do.
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Relational Operation top,

Tuples with & best ranks: top, (D)

can be defined in our model by

(top(D))(t) = D(t) @ (Quit') (—(D(t') — D(1))* @ (D(t) — D(t))"),
where

@ * is globalization, and

o (Q<nx)yp is a quantifier “there are at most n — 1 objects x having ¢"
generalized quantifiers (Hajek: Metamathematics of Fuzzy Logic)
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Relational Operation top,

Tuples with & best ranks: top, (D)

can be defined in our model by

(top(D))(t) = D(t) ® (Qit’) (—(D(t') — D(t))* @ (D(t) — D(t))*),
where

*

@ *is globalization, and

o (Q<nx)yp is a quantifier “there are at most n — 1 objects x having ¢"
generalized quantifiers (Hajek: Metamathematics of Fuzzy Logic)
Explanation: ~(D(t') — D(t))* ® (D(t) — D(t'))* = 1 iff
e D(t) <D(t') and
e (D(t') — D(t))* = 0 which is iff D(t') — D(t) # 1 iff D(t') £ D(¢)
Altogether: D(t) < D(t') .
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Relational Operation top,
Tuples with & best ranks: top, (D)

can be defined in our model by
(topr(D))(t) = D(t) ® (Quit’) ((D(¥') — D(t))" ® (D(t) — D(t'))"),

where

*

@ *is globalization, and

o (Q<nx)yp is a quantifier “there are at most n — 1 objects x having ¢"
generalized quantifiers (Hajek: Metamathematics of Fuzzy Logic)

Explanation: ~(D(t') — D(t))* ® (D(t) — D(t'))* = 1 iff

e D(t) <D(t') and

e (D(t') — D(t))* = 0 which is iff D(t') — D(t) # 1 iff D(t') £ D(¢)
Altogether: D(t) < D(t') .

Conclusion: topy, is relational operation (!!)
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PART III

Functional dependencies, axiomatization,
and nonredundant bases in our model
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Ordinary FDs X FFDs in Our Model
Attribute Dependency:

e formula: an implication between (conjunctions of) attributes
o written: A = B, where A, B CY (set-theoretical notation)

Validity of Attribute Dependency:
A = B is true in table D means: for any tuples z1, 22 € D:

IF x1 and x2 agree on their values of all attributes from A
THEN z7 and z9 agree on their values of all attributes from B
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Ordinary FDs X FFDs in Our Model

Attribute Dependency:
e formula: an implication between (conjunctions of) attributes
o written: A = B, where A, B CY (set-theoretical notation)

Validity of Attribute Dependency:
A = B is true in table D means: for any tuples z1, 22 € D:

IF x1 and x2 agree on their values of all attributes from A
THEN z7 and z9 agree on their values of all attributes from B

In Our Model:

@ dependencies between values

@ equality (sharp relation) replaced by similarity (fuzzy relation)
@ equality of values/attributes = similarity of values/attributes

strong data-mining appeal (!!)
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Results on FDDs

R.B., V.V.: Data tables with similarity relations: functional dependencies,
complete rules, and non-redundant bases. Proc. DASFAA 2006.
Entailment and Axiomatization

@ semantic entailment, model-theoretical properties

@ complete Armstrong-like deductive system

Non-redundant bases of FFDs
@ minimal sets of FFDs describing all dependencies in data table
@ theoretically developed

© computationally tractable

Alternative semantics of FFDs
@ semantic of FFDs in data tables with fuzzy attributes
@ second notion of semantic entailment

© agrees with entailment based on ranked tables
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Fuzzy functional dependencies: syntax
Definition
Fuzzy functional dependence (FFD) over attributes Y

A= B, where A, B LY (fuzzy sets of attributes).

Example

{07y} =Yy}, {"Yyr,y2,"Yyst = {ys, "Yva},  {v1,ys}={w}.
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Foundations of Similarity-Based Databases

DASFAA / MCIS 2009 33 /40



Fuzzy functional dependencies: syntax

Definition
Fuzzy functional dependence (FFD) over attributes Y
A= B, where A, B c LY (fuzzy sets of attributes).

Example

Oy =%} Oy " Vysy =y, “Yuad {yyst = {wa}
Intended meaning of A = B

@ same as in ordinary case, but equality replaced by similarity

o for any two tuples z1, x5 € X:

IF 21 and x5 have similar values on attributes from A
THEN z1 and z5 have similar values on attributes from B.
e = new kind of dependencies (data mining appeal)
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Fuzzy functional dependencies: syntax

Definition
Fuzzy functional dependence (FFD) over attributes Y
A= B, where A, B c LY (fuzzy sets of attributes).

Example

OV =Yy Yy, " Yusk =y, "Yuad {yn,ys} = {wa}-
Intended meaning of A = B
@ same as in ordinary case, but equality replaced by similarity
o for any two tuples z1, x5 € X:
IF 21 and x5 have similar values on attributes from A
THEN z1 and z5 have similar values on attributes from B.
e = new kind of dependencies (data mining appeal)
o A = B can be true to a degree from L, not only 0 or 1
o degrees A(y), B(y) act as thresholds (later)
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Semantics of FFDs
D ...table with similarities (for simplicity, ranks = 1)
Definition (degree ||A = B||p to which A = B is true in D)
... defined by
14 = Bllp = Aq, gpex ((#1(A) & 22(A))* — (21(B) ~ 72(B))) -
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Semantics of FFDs

D ...table with similarities (for simplicity, ranks = 1)

Definition (degree ||A = B||p to which A = B is true in D)
... defined by

1A= Bllp = Ay mpex ((@1(4) & 22(4))" — (21(B) = 22(B))) -

where x1(C) = z2(C) is a degree to which rows x1 and x4 have similar
values on attributes from C"

21(C) & 22(C) = Ayey (C(y) = (1ly] =y z2[y)))
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Semantics of FFDs
D ...table with similarities (for simplicity, ranks = 1)

Definition (degree ||A = B||p to which A = B is true in D)
... defined by

1A= Bllp = Ay mpex ((@1(4) & 22(4))" — (21(B) = 22(B))) -

where x1(C) = z2(C) is a degree to which rows x1 and x4 have similar
values on attributes from C"

21(C) & 22(C) = Ayey (C(y) = (1ly] =y z2[y)))

That is, 1(C) = x2(C) is truth degree of proposition

“for each attribute y € Y : if y belongs to C' then the value x1[y] of x1 on
y is similar to the value x2[y] of zo ony".
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Semantics of FFDs (remarks)

Remark

@ Ordinary meaning of functional dependencies is a particular case:
A and B ordinary sets, =, ordinary equality for each y € Y.
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Semantics of FFDs (remarks)

Remark

@ Ordinary meaning of functional dependencies is a particular case:
A and B ordinary sets, =, ordinary equality for each y € Y.

@ A(y) € L and B(y) € L can be seen as thresholds

if * is globalization,

A= B||p =1 says
“for any tuples z1,z9 € X:

IF for each attribute y € Y, A(y) < (z1]y] =y z2[y]).
THEN for each attribute ¥/ € Y, B(y') < (z1[y] =y x2[¥])".

ie.,

for any tuples 1,22 € X:
if attribute values’ similarities exceed thresholds prescribed by A,
then attribute values' similarities exceed thresholds prescribed by B
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Semantics of FFDs: models, entailment
D ...ranked table with similarities
Definition (models of FFDs)
T ...a set (fuzzy set) T of FFDs, models of T"
Mod(T) = {D |for each A,B € LY : T(A= B) <||A= B||p}.

...in words: D is a model of T' means “each FFD from T is true in D"
(but read this in degrees)
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Semantics of FFDs: models, entailment
D ...ranked table with similarities
Definition (models of FFDs)
T ...a set (fuzzy set) T of FFDs, models of T"
Mod(T) = {D |for each A,B € LY : T(A= B) <||A= B||p}.

...in words: D is a model of T" means “each FFD from T is true in D"
(but read this in degrees)

Definition (semantic entailment from FFDs)
T ...a set (fuzzy set) T of FFDs, degree of entailment from T
1A = Bllr = Apemoa(r) 14 = Bllp-

...in words: a degree to which A = B follows from T = degree of
“A = B is true in each model of T"
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Armstrong-like rules, provability, and completeness

Recall:
Armstrong W. W.: Dependency structures in data base relationships.
IFIP Congress, Geneva, Switzerland, 1974.
a system of deduction rules s. t.
A = Bisentailed by T iff A= B is provable from T" .
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Armstrong-like rules, provability, and completeness

Recall:

Armstrong W. W.: Dependency structures in data base relationships.
IFIP Congress, Geneva, Switzerland, 1974.

a system of deduction rules s. t.
A = Bisentailed by T iff A= B is provable from T" .
in our setting, entailment is a matter of degree,

Two concepts of provability and completeness:

O ordinary completeness (interesting only degree 1):
@ follows from T iff ¢ provable from T'
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Armstrong-like rules, provability, and completeness

Recall:
Armstrong W. W.: Dependency structures in data base relationships.
IFIP Congress, Geneva, Switzerland, 1974.

a system of deduction rules s. t.
A = Bisentailed by T iff A= B is provable from T" .

in our setting, entailment is a matter of degree,

Two concepts of provability and completeness:

O ordinary completeness (interesting only degree 1):
@ follows from T iff ¢ provable from T'

@ graded completeness (any degree interesting):
degree to which ¢ follows from T' =
= degree of provability of ¢ from T
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Armstrong-like rules, provability, and completeness

Deduction rules

@ rules describing what FFDs can be inferred
(in one elementary step) from other FFDs
o inspired by Armstrong-like rules, several equivalent systems (later)

axiom weakening cut
A= B A=e® B, BUC=D
A= S(B,A)@B AUC=B AUC = e*®D

for A,B,C,D €LY andec L.

alternative equivalent axioms schemes, ...
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Ordinary provability and completeness

Provability 7" ... theory (set of FFDs)

A = B is provable from T, written T - A = B,
if there is a sequence 1, ..., @, of FFDs such that
Q ¢,is A= B,

@ for each ¢;: ¢; € T or ¢; is inferred from the preceding formulas
(i.e., ¥1,...,9i—1) using one of the deduction rules (Ax)—(Cut).

Provability: bivalent notion (either TH A = B or T ¥ A = B).

Belohlavek, Vychodil (SUNY, UPOL) Foundations of Similarity-Based Databases DASFAA / MCIS 2009 39 / 40



Ordinary provability and completeness

Provability 7" ... theory (set of FFDs)

A = B is provable from T, written T - A = B,

if there is a sequence 1, ..., @, of FFDs such that

Q ¢,is A= B,

@ for each ¢;: ¢; € T or ¢; is inferred from the preceding formulas
(i.e., ¥1,...,9i—1) using one of the deduction rules (Ax)—(Cut).

Provability: bivalent notion (either TH A = B or T ¥ A = B).

Theorem (ordinary completeness)

||A= B|lr =1 (A= B follows from T, in degree 1)
iff

T+ A= B (A= Bis provable from T).
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Graded provability and completeness

Provability: bivalent notion (either T'H A= B or T ¥ A= B).

can we capture a degree of semantic entailment syntactically?
(i.e., by a modification of the concept of proof)

Graded provability

T ... theory (set or fuzzy set of FFDs)
|A= B|r € L ... degree to which A = B is provable from T"

|[A= Blr=V{ae L|c(T)FA=a® B} .
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Graded provability and completeness
Provability: bivalent notion (either T'H A= B or T ¥ A= B).

can we capture a degree of semantic entailment syntactically?
(i.e., by a modification of the concept of proof)

Graded provability

T ... theory (set or fuzzy set of FFDs)
|A= B|r € L ... degree to which A = B is provable from T"

|[A= Blr=V{ae L|c(T)FA=a® B} .

Theorem (graded completeness)

||A= B||lr=|A= Blr
(degree of entailment = degree of provability).
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