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Overview of this lecture

• Discrete random variables

• Continuous random variables

• Distributions

• Probability mass function

• Probability Distribution Function

• Cumulative Distribution Function

• Functions and operations on Random Variable

• Expectation

• Variance

• Std. Deviation

• Moments and moment generating functions

• Chebyshev Inequalities
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Discrete Random Variables
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Discrete Random Variables

• Example: S= { Tail, Head}, Sx = {0, 1}

• A function that maps S into Sx is called as a Random Variable,

denoted by X (.)

• Sx is countable: Discrete Random Variable

• One to one mapping, Many to one mapping

• Sx is uncountable or infinite: Continuous Random Variable
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One to one mapping
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• Example: S= { Tail, Head}, Sx = {1,0}
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Probability of Random Variables

• The random variable X(.) maps on an event si from a sample space

S to xi in the sample space Sx
• In one to one mapping its basically the same event with different

names.

Hence, P[X (s) = xi ] = P[sj : X (sj) = xi ] = P{si}
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Probability of Random Variables

• For many to one mapping

P[X (s) = xi ] = P[sj : X (sj) = xi ]

=
∑

j :X (sj )=xi

P[sj ]

fX [xi ] = P[X (s) = xi ]

• fX [xi ] is called the Probability Mass Function
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Examples of PMF

• Bernoulli PMF

fX [k] = 1− p k = 0

= p k = 1
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Examples of PMF

• Binomial PMF

fX [k] =

(
M

k

)
pk(1− p)M−k
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• Geometric PMF

fX [k] = p(1− p)k−1 (1)
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Examples of PMF

• Uniform PMF

fX [k] =
1

b − a
a ≤ k ≤ b

• Poisson PMF

fX [k] =
λk

k!
exp(−λ), k = 0, 1, 2, . . .
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Continuous Random Variable
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Continuous Random Variable

• Example: Length of waiting times at an airport

• Sx is infinite and uncountable: Continuous R.V.

• Difficult to assign a specific probability to each value of X

• But we can calculate the probability of X lying in an interval.
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Probability Distribution function (PDF)

• fX (x) is called as the PDF, fX [xi ] is called the PMF.

• Properties

• PDF/ PMF must be non negative

fX (x) ≥ 0

• PMF must sum to 1

M∑
i=1

fX [xi ] = 1

∞∑
i=1

fX [xi ] = 1

• PDF must integrate to 1 ∫ ∞
−∞

fX (x)dx = 1
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Examples of PDF

• Uniform Distribution, U(a, b)

fx(x) =
1

b − a
a ≤ x ≤ b

= 0 otherwise
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Examples of PDF

• Exponential Distribution

fx(x) = λ exp(−λx) x ≥ 0

• Gaussian Distribution

fx(x) =
1√

2πσ2
exp

{
− (x − µ)2

2σ2

}
−∞ < x <∞

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

f X(x
)

Gaussian

 

 
µ = 1, σ = 0.7
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• Gaussian noise ?
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Rayleigh

• Rayleigh Distribution

fx(x) =
x

σ2
exp

{
− 1

2

x2

σ2

}
x ≥ 0

= 0 x < 0
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• Rayleigh fading?
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Examples of PDF

• Gamma Distribution

fx(x) =
λα

Γ(α)
xα−1 exp(−λx) x ≥ 0

= 0 x < 0

Γ(z) =

∫ ∞
0

tz−1 exp(−t)dt

• Check the family of Matlab functions ‘rand’, ‘randn’, ‘pdf’,‘normpdf’
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Cumulative Distribution function (CDF)

• CDF of a random variable X and evaluated at x

Fx(x) = P[X ≤ x ], −∞ < x <∞

• Probability that X lies in a semi-infinite interval (−∞, x ]

• Discrete RV: CDF can be seen as a summation of PMF’s from

−∞ to x

• CDF for discrete variables is a staircase

• Note the representation (for discrete RV)

• PMF: fX [x ]

• CDF: FX (x)
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CDF

• Cumulative distribution function

0 2 4 6 8 10 12 14 16 18 20
0

0.05

0.1

0.15

0.2

k

Binomial PMF for p = 0.5

f x[k
]

0 2 4 6 8 10 12 14 16 18 20
0

0.2

0.4

0.6

0.8

1

x

Binomial CDF for p = 0.5

F x(x
)

• Check the family of ‘pdf’, ‘cdf’, ‘binopdf’ functions in Matlab
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CDF for continuous RV

• CRV: CDF can be seen as a integration of PDF’s from −∞ to x

Fx(x) =

∫ x

−∞
fx(u)du

fx(x) =
dFx(x)

dx

• Note the representation (for continuous RV)

• PDF: fX (x)

• CDF: FX (x)
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Properties of CDF

• CDF is stair case, non decreasing

• 0 ≤ Fx(x) ≤ 1

• CDF is right continuous

lim
x→−∞

Fx(x) = 0

lim
x→∞

Fx(x) = 1
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Probability of an interval

• Probability of an interval (a,b) can be found using CDF.

{−∞ < X ≤ b} = {−∞ < X ≤ a} ∪ {a < X ≤ b}

P{−∞ < X ≤ b} = P{−∞ < X ≤ a}+ P{a < X ≤ b}

P{a < X ≤ b} = P{−∞ < X ≤ b} − P{−∞ < X ≤ a}

P[a < X ≤ b] = FX (b)− FX (a)
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Examples

• Find the PMF if X is a discrete random variable with the CDF

Fx(x) = 0 x < 0

Fx(x) =
x

5
0 ≤ x ≤ 5

= 1 x > 5

• It is a cumulative distribution function so it will be increasing.
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Function of a Random Variable
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Function of Random Variable

• If X is a random variable and g : R→ R then Y = g(X ) is also a

random variable.

• Interested to find the PDF of Y = g(X ).

• Suppose we have

y = g(x)

x = g−1(y)

• If the PDF of y is fY (y) and PDF of x is fX (x) we can write fX (x) as

fX (x) = fX (g−1(y))

• How does this compare to fY (y)?
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Function of Random Variable

• Suppose we have y = 2x
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Affine transformation

• Suppose we have Y = aX + b, a and b are constants such that

Sx = {x : −∞ < x <∞} and Sy = {y : −∞ < y <∞}

• We have y = g(x), x = g−1(y)

g(x) = ax + b

g−1(y) =
y − b

a
dg−1(y)

dy
=

1

a

• The expression for p.d.f of Y can be expressed more generally as

fy (y) =

∣∣∣∣dg−1(y)

dy

∣∣∣∣fX(g−1(y)

)
• This is called as Affine transformation
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Operations on Random Variable
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Expectation

• Expectation E [X ], Mean µ

E [X ] =
∑
i

xi fX [xi ]

=

∫ ∞
−∞

xfX (x)dx

=

∫ ∞
−∞

g(x)fX (x)dx

• Expectation is linear

E [a1X1 + a2X2] = a1E [X1] + a2E [X2]
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Variance

• Variance, σ2

Var(X ) = E [(X − µ)2]

σ2 = E [(X − E [X ])2]

=

∫ ∞
−∞

(X − E [X ])2fX (x)dx

• Variance is a non-linear operation

Var(X1 + X2) 6= Var(X1) + Var(X2)
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Show that

• Given that σ2
X = E [(X − µX )2]. Show that σ2

X = E [X 2]− µ2
X

σ2
X = E [(X − µX )2]

= E [X 2 + µ2
X − 2XµX ]

= E [X 2] + E [µ2
X ]− E [2XµX ]

= E [X 2] + E [µ2
X ]− 2E [X ]E [µX ]

But E [µ2
X ] = µ2

X

= E [X 2] + µ2
X − 2µ2

X

σ2
X = E [X 2]− µ2

X
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Example

• Calculate the mean and variance of a Bernoulli random variable.

• The PMF of Bernoulli random variable is defined as:

fX [x ] = 1− p x = 0

= p x = 1

= 0 otherwise

• The Expectation is given by:

E [X ] =
1∑

k=0

kfx [k]

= 0.(1− p) + 1.p

µx = p
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Example

• The variance of a Bernoulli random variable is given by:

E [(X − µx)2] = σ2
x =

1∑
k=0

(k − µx)2fx [k]

= (0− p)2.(1− p) + (1− p)2.p

σ2
x = p2 − p3 + p − 2p2 + p3

= p(1− p)
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Characteristic functions of Random
Variable
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Moments

• Standard Deviation,
√
σ2

• nth moment is defined as E [X n]

E [X n] =

∫ ∞
−∞

xnfx(x)dx .

• To determine such nth moments we could also use the characteristic

function

• nth central moment is E [(X − µx)n]

E [(X − µx)n] =

∫ ∞
−∞

(x − µx)nfx(x)dx

• nth absolute moment is E [|X |n]

• nth generalized moment for some a is E [(X − a)n]
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Characteristic function of a random variable

• Characteristic function of a random variable is defined as

φ(ω) = E [exp(jωx)]

=

∫ ∞
−∞

exp(jωx)fX (x)dx

• Fourier transform of the p.d.f. So the pdf is the IFT of the

characteristic function :)

fX (x) =
1

2π

∫ ∞
−∞

exp(−jωx)φ(ω)dω

• Similarly, for discrete random variables

φ(ω) =
∞∑

k=−∞

exp(jωk)fX [k]

• DTFT of the PMF fX [k] and so on.



Overview RV PMF Cont. RV PDF CDF Function of RV Operations on RV

Using the characteristic function...

φ(ω) =

∫ ∞
−∞

exp(jωx)fX (x)dx

dφ(ω)

dω
=

∫ ∞
−∞

fX (x)
d exp(jωx)

dω
dx

=

∫ ∞
−∞

fX (x)jx exp(jωx)dx

1

j

dφ(ω)

dω

∣∣∣∣
ω=0

=

∫ ∞
−∞

xfX (x)dx

1

jn
dnφ(ω)

dωn

∣∣∣∣
ω=0

= E [X n]

• ...we can obtain the nth moment (Moment generating fn.)
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Example

• Use the moment generating function to obtain that mean and

variance of an exponential distribution function.

fX (x) = λ exp(−λx) (x ≥ 0)

= 0 (x < 0)

The moment generating function is

φ(ω) =

∫ ∞
0

λ exp−(λ− jω)xdx

=
λ

λ− jω
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Example: Mean

• Differentiate φ(ω) once to get mean and set ω = 0

dφ(ω)

dω
=
−λ(−j)

(λ− jω)2

1

j

dφ(ω)

dω

∣∣∣∣
ω=0

=
1

λ

φ
′
(0) = E [X ] =

1

λ
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Example: Variance

• Differentiate φ(ω) twice to get second moment and set ω = 0

dφ(ω)

dω
=

λ(j)

(λ− jω)2

d2φ(ω)

dω2
=
−2jλ(λ− jω)(−j)

(λ− jω)4

1

j2
d2φ(ω)

dω2

∣∣∣∣
ω=0

=
2λ2

λ4

φ
′′

(0) = E [X 2] =
2

λ2

• Variance

σ2
x = E [X 2]− E [X ]2

=
2

λ2
− 1

λ2
=

1

λ2
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Chebyshev Inequality

• Used to obtain the partial information about the probabilites using

the mean and variance.

• How do we obtain the probability that a random variable deviates

from its mean by more than γ.

• Mathematically, we want to find P(|X − µx | > γ)

var(X ) =

∞∫
−∞

(X − µx)2fX (x)dx

=

∫
x :|x−µ|>γ

(X − µx)2fX (x)dx +

∫
x :|x−µ|≤γ

(X − µx)2fX (x)dx
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Chebyshev Inequality

• But we are interested (|x − µx | > γ). Therefore,

var(X ) ≥
∫

x :|x−µ|>γ

(X − µx)2fX (x)dx

var(X ) ≥
∫

x :|x−µ|>γ

γ2fX (x)dx

var(X )

γ2
≥ P

(
|X − µx | > γ

)
• Hence Chebyshev Inequality is

P

(
|X − µx | > γ

)
≤ var(X )

γ2
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