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Question 1. (10 marks)

(a) Show that ‖Qx‖ = ‖x‖ when Q is a unitary matrix. (2 marks)

(b) Show that, for a rank-1 matrix, the 2-norm and Frobenius norm are equal. (2 marks)

(c) Calculate the full SVD of the matrix

A =





1 0
1 1
0 1



 .

(6 marks)

Question 2. (10 marks)

(a) Suppose the matrix Q is Hermitian and unitary. Show that P = 1

2
(I − Q) is a

projection matrix. (2 marks)

(b) Compute the full QR decomposition of the matrix of the matrix

A =

(

1 −2 1
−1 1 −1

)

.

(3 marks)

(c) Consider the algorithm shown in Table 1 for computing the product Qb for an
input vector b where Q is represented by the vectors φk computed by Householder
triangularisation.

Table 1: Algorithm for Question 2(c).

begin
for k = n to 1 step − 1 do

β = bk:m

β = β − 2φk(φ
H
k β)

bk:m = β

od
end

Determine the floating-point operation count for this algorithm.

Hint: Recall that

n
∑

k=1

k =
1

2
n(n + 1). (3 marks)

(d) Briefly explain how the pseudo-inverse can be used to obtain the least-squares so-
lution to a set of overdetermined linear equations. (2 marks)
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Question 3. (10 marks)

(a) Consider a r.v. X with µ = 0 and σ2 = 1. Show that Chebychev’s inequality implies
that F (x) ≤ x−2 when x < 0. (2 marks)

(b) In a communications system, the transmitter attempts to communicate information
with the receiver in the form of a series of bits. However, the receiver makes bit
errors with a probability of 10−5, i.e., it has a bit error rate (BER) of 10−5. Derive
an expression for the probability that no bit errors occur at the receiver in a block
of 105 bits. (3 marks)

(c) State the definition of wide-sense stationarity. (2 marks)

(d) The randomly phased sinusoid X(t) = cos(2πf0t+Φ) is WSS when f(1) = f(2) = 0
and f(λ) = E[ejλΦ]. Derive an expression for its PSD.

Hint: Recall that ej2πf0τ f̃ δ(f − f0). (3 marks)

Question 4. (10 marks)

(a) A homogeneous discrete Markov chain is specified by the following initial probability
vector and transition probability matrix

P (0) = [0.2, 0.1, 0.3, 0.25, 0.15]

P =













0.3 0.4 0 0 0.3
0.3 0.4 0 0 0.3
0 0 0.5 0.5 0
0 0 0.5 0.5 0

0.3 0.4 0 0 0.3













Draw a graph to represent this Markov chain, labelling all edges and denoting states
as s1, . . . , s5. (3 marks)

(b) Is the Markov chain from part (a) ergodic? Explain briefly why/why not. (2 marks)

(c) Markov chain Monte Carlo (MCMC) algorithms can be used to draw samples from
a large class of distributions. Explain the basic working principal of MCMC al-
gorithms (i.e the function of the equilibrium distribution of a Markov chain in a
MCMC algorithm). (5 marks)
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Question 5. (10 marks)

Consider the function f(x) = 5x2

1
+ x3

2
+ 3x1x2 + 5.

(a) Calculate the gradient of this function, ∇f(x). (2 marks)

(b) f(x) has two critical points at x1 = [0 0] and x2 = [− 9

50

3

5
]. Calculate the Hessian

matrix, Hf and evaluate it at each of the critical points. (2 marks)

(c) It can be shown that Hf(x
2) is positive definite, while Hf(x

1) is not positive definite.
What type of critical points are x1 and x2? (2 marks)

Consider the constrained optimization problem

Minimize
f(x) = 3x2

1
+ x2

2

Subject to
h1(x) = x2 − x1 + 2 ≤ 0

h2(x) = x1 + x2 + 2 ≤ 0

(d) Write down the Lagrangian function for this problem. (1 mark)

(e) Draw a diagram showing the constraints and contours of objective function in
the (x1, x2) solution space. Indicate by shading the feasible region of the space.

(3 marks)

Question 6. (10 marks)

(a) Golden Section Search is an algorithm that is often used for optimizing a one-
dimensional unimodal function. What is the convergence rate of Golden Section
Search? (1 mark)

(b) The Golden Section Search algorithm is shown in Table 2. Given the starting values
a = −2, b = 4 and assuming that the function to be optimized f(x) = 2x2 − 2 is
unimodal on the interval [a, b], calculate the values of a, b, x1, f1, x2 and f2 after the
first iteration of the algorithm. (4 marks)

(c) Write down pseudocode for the steepest descent algorithm for unconstrained mini-
mization, explaining any notation you use. (3 marks)

(d) In two or three sentences, explain why a line search is typically used to determine
the value of the step size parameter in the steepest descent algorithm. (2 marks)
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Table 2: Golden Section Search algorithm for Question 6(b).

begin

τ = (
√

(5) − 1)/2
x1 = a + (1 − τ)(b − a)
f1 = f(x1)
x2 = a + τ(b − a)
f2 = f(x2)
while ((b − a) > tol) do

if (f1 > f2) then
a = x1

x1 = x2

f1 = f2

x2 = a + τ(b − a)
f2 = f(x2)

else
b = x2

x2 = x1

f2 = f1

x1 = a + (1 − τ)(b − a)
f1 = f(x1)

end
end

end

Question 7. (10 marks)

(a) In general, global optimization is considered to be a very difficult problem. Briefly
discuss one reason for this. You may use an example or draw a diagram to assist in
your explanation. (5 marks)

(b) In the Simulated Annealing, a move from the current point in the search space,
xc to a proposed new point xn is determined according to the following rule (for
minimization):

if f(xn) < f(xc) then
xc = xn

else

if random[0, 1) < e
f(xc)−f(xn)

T then
xc = xn

Explain the effect of varying the value of the temperature parameter T on the
behaviour of the algorithm search trajectory. (5 marks)
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Question 8. (10 marks)

(a) In the area of Metaheuristic optimization, “intensification” and “diversification”
have been suggested as key concepts in the analysis and development of more pow-
erful algorithms for hard optimization problems. Give a brief explanation of what
these two terms mean. For any one of the metaheuristic algorithms discussed in
lectures, explain how the operators in the algorithm relate to intensification and
diversification. (6 marks)

(b) In a Travelling Salesman Problem (TSP), a straightforward way of representing a
candidate solution (tour) is as a vector of integers, representing the order of cities
visited (where cities are numbered in some way). For example,

S1 = [1 2 3 4 5 6 7 8 1]

represents a valid tour for an eight-city TSP. However, when applying an Evolu-
tionary algorithm, producing a crossover operator with this representation is not
straightforward. To demonstrate this, consider the 1-point crossover operator (dis-
cussed in lectures for binary solution vectors). Give an example (using S1 above
and another valid solution) and explain one difficulty in applying 1-point crossover
to this problem representation. (4 marks)
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