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engg7302

Advanced Computational
Techniques in Engineering

Lecture SP02: Random Variables
This lecture:

1. Random Variables.

2. Functions of One Random Variable.

Ref: STAT2202 course notes, PP ch. 4–5.

http://www.uq.edu.au
http://www.itee.uq.edu.au/~engg7302


2/10

e
n

g
g

73
0

2

�

�

�

�

�

�

	

Random Variables
A random variable (r.v.) X is actually a function from the proba-

bility space into R, i.e., X : Ω 7→ R.

• Formally, we write X(ω), but usually abbreviate to just X.

• If the range ΩX ⊆ R of X is discrete, X is a discrete r.v.

• Otherwise, it is a continuous r.v.

• The range of X is also measurable.

– That is, we can define events in terms of X, e.g., the event
X 6 4 or X ∈ {1,2,5}, and calculate their probability.

Distribution & Mass Functions

We define the (cumulative) distribution function (c.d.f.) FX : R 7→ R of
a r.v. X as

FX(x) = P(X 6 x).

• For discrete r.v.s, the c.d.f. is a ‘staircase’.

http://www.uq.edu.au
http://www.itee.uq.edu.au/~engg7302
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• Properties of a c.d.f.:

1. limx→−∞ FX(x) = 0,

2. limx→∞ FX(x) = 1 and

3. FX(x) is non-decreasing.

• For a discrete r.v., we can also define a probability mass function
(p.m.f.) fX : ΩX 7→ R with

fX[x] = P(X = x).

• If we differentiate the c.d.f. w.r.t. x, we obtain the probability dis-
tribution function (p.d.f.) fX : R 7→ R, i.e.,

fX(x) =
dF(x)
dx

, FX(x) =
∫ x
−∞
fX(ξ)dξ.

• For discrete r.v.s, there is a relationship between the p.m.f. and
the p.d.f.:

fX(x) =
∑
ξ∈ΩX

fX[ξ]δ(x − ξ)

where δ(x) is Dirac delta function for which δ(x) = 0 when x ≠ 0
and

∫∞
−∞ δ(x)dx = 1.

http://www.uq.edu.au
http://www.itee.uq.edu.au/~engg7302
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• Properties of a p.d.f.:

1. fX(x) > 0,

2.
∫∞
−∞ fX(x)dx = 1.

• It follows that

P(a 6 X 6 b) = FX(b)− FX(a) =
∫ b
a
fX(x)dx.

http://www.uq.edu.au
http://www.itee.uq.edu.au/~engg7302
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Important Discrete Distributions

Distribution Definition Written
Bernoulli f[0] = p, f[1] = q = 1− p

Binomial f[k] =
(
n
k

)
pk
(
1− p

)n−k,
k = 0, . . . , n

X ∼ Bin
(
n,p

)
Geometric f[k] = p

(
1− p

)k−1, k > 0 X ∼ G
(
p
)

Poisson f[k] = e−λλ
k

k!
, k > 0 X ∼ Po(λ)

Hyper-
geometric

f[k] =

(
r
k

)(
N − r
n− k

)
(
N
n

) ,

max {0, r +n−N} 6 k 6
min {n, r}

X ∼
Hyp(n, r ,N)

Uniform f[k] = 1
b − a , a 6 k 6 b X ∼ U(a, b)

http://www.uq.edu.au
http://www.itee.uq.edu.au/~engg7302
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Important Continuous Distributions

Distribution Definition Written

Uniform f(x) = 1
b − a , a 6 x 6 b X ∼ U(a, b)

Exponential f(x) = λe−λx, x > 0 X ∼ Exp(λ)

Gamma f(x) = λ
αxα−1e−λxΓ(x) , x > 0,

Γ(α) = ∫∞
0
uα−1e−udu, α > 0

X ∼ Gam(α, λ)

Normal,
Gaussian

f(x) = 1√
2πσ 2

exp

[
−(x − µ)

2

2σ 2

]
X ∼ N

(
µ,σ 2

)

http://www.uq.edu.au
http://www.itee.uq.edu.au/~engg7302
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Functions of a Random Variable
If X is a r.v. and g : R 7→ R is a function then Y = g(X) is also a r.v.

• A simple but important case is the affine transformation

Y = aX + b.

• If X is a continuous r.v., the p.d.f. of Y can be expressed as

fY
(
y
)
= 1
|a|fX

(
y − b
a

)
.

• If g(x) is invertible, the p.d.f. of Y can be expressed more gener-
ally as

fY
(
y
)
= fX(x)∣∣g′(x)∣∣ where g′(x) = dg(x)

dx
and x = g−1(y).

• This expression is also applicable to discrete r.v.s, but it is neces-
sary to remember that, when x = g−1

(
y
)
,

δ(x − x0) =
∣∣g′(x)∣∣δ(y −y0

)
where y0 = g(x0).

• If g(x) is not invertible, we sum over the roots of y = g(x).

http://www.uq.edu.au
http://www.itee.uq.edu.au/~engg7302
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Expectation

The expectation of r.v. X is

E[X] =
∫∞
−∞
xfX(x)dx.

• More generally, the expectation of a function g of X is

E
[
g(X)

]
=
∫∞
−∞
g(x)fX(x)dx.

• For discrete r.v.s, this simplifies to

E
[
g(X)

]
=

∑
x∈ΩX g(x)fX[x].

• An important property of expectation is linearity:

E
[
a1g1(X)+ · · · + angn(X)

]
= a1E

[
g1(X)

]
+ · · · + anE

[
gn(X)

]
.

• Some important expectations of a r.v.:

– The mean µX = E[X].
– The variance σ 2

X = E
[
(X − µX)2

]
= E

[
X2
]
− µ2

X .

– The standard deviation σX .

http://www.uq.edu.au
http://www.itee.uq.edu.au/~engg7302
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Moments

The nth moment of a r.v. X is defined as E[Xn].
• It is common to define several other types of moments too:

– the nth central moment E
[
(X − µX)n

]
,

– the nth absolute moment E
[
|X|n

]
,

– the nth generalised moment E
[
(X − a)n

]
for some a.

• The above admit some combinations, e.g., thenth central absolute
moment is E

[
|X − µX|n

]
.

Inequalities

• The Chebychev inequality states that, for any ε > 0,

P(|X − µX| > ε) 6
σ 2
X
ε2
.

• Where P(X < 0) = 0, the Markov inequality states that, for any
x > 0,

P(X > x) 6
µX
x
.

http://www.uq.edu.au
http://www.itee.uq.edu.au/~engg7302
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Characteristic & Moment Generating Functions

The characteristic function of a r.v. X is the Fourier transform of its
p.d.f., i.e., ΦX(ω) = ∫∞

−∞
fX(x)ejωx dx.

• Similarly, the Laplace transform of the p.d.f. yields the moment
generating function (m.g.f.)

GX(s) =
∫∞
−∞
fX(x)esx dx.

• From Fourier theory, we know that ΦX(ω) = GX(jω).
• The usual Fourier & Laplace inversion formulae apply to obtain

p.d.f.s from characteristic functions and m.g.f.s.

• The m.g.f. is so named because of the differentiation property:

G(n)X (s) = d
nGX(s)
dsn

= E
[
XnesX

]
.

• Hence, the nthmoment can be obtain from the identity

E[Xn] = G(n)X (0).

http://www.uq.edu.au
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