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Abstract

Evolutionary algorithms perform optimization using a population of sample solution
points. An interesting development has been to view population-based optimization
as the process of evolving an explicit, probabilistic model of the search space. This pa-
per investigates a formal basis for continuous, population-based optimization in terms
of a stochastic gradient descent on the Kullback-Leibler divergence between the model
probability density and the objective function, represented as an unknown density of
assumed form. This leads to an update rule that is related and compared with previous
theoretical work, a continuous version of the population-based incremental learning
algorithm, and the generalized mean shift clustering framework. Experimental results
are presented that demonstrate the dynamics of the new algorithm on a set of simple
test problems.
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1 Introduction

Evolutionary Algorithms (EAs) are a broad class of methods that apply mechanisms
inspired by biological evolution to the solution of optimization problems. An opti-
mization problem can be constructed through the representation of a problem solution
as an (n-dimensional) parameter vector, x = (x1,...,y), together with an objective
function f(x) : S — IR, where S is the set of feasible solutions. EAs are applicable
where no further information is available regarding the optimization problem, for ex-
ample derivatives of f. Although the ultimate goal is to find a globally optimal solution
vector
x* = argmaxf(x)

in practice, the aim is often to find as good a solution as possible given constraints
such as available computation time (Térn and Zilinskas, 1989). The objective function
may present difficulties such as local minima, discontinuities or be subject to noise. In
such situations, EAs and other heuristic and meta-heuristic methods have gained wide
popularity and demonstrated impressive performance.

By convention, an EA produces an iterative search process using a population
X = {xy,...,x;} of sample points (candidate solutions). Beginning with a typically
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randomly generated population, each iteration (generation) of the EA involves the ap-
plication of a set of genetic operators (e.g, selection, recombination and mutation) to
evolve the population for the following generation. In this way an EA explores the
search space, using information about the objective function obtained from individ-
ual candidate solutions to direct future search. To take a slightly different view, the
population (being the only “information” that persists into the next generation), can
be thought of as an implicit model of the potentially promising regions of the search
space (Baluja, 1997).

In recent years, a number of researchers have focused specifically on this notion of
modelling the search space. That is, the model is made an explicit part of the search
process, and the algorithm viewed as performing optimization via the construction
and utilization of an inductive model of the solution space. Although several different
modelling techniques have been adopted from statistical and machine learning (Boyan
et al., 2000), most of the work within the EA community has employed a probabilistic
model of the solution space. These methods have become known as Estimation of Dis-
tribution Algorithms (EDAs) (Larrafiaga and Lozano, 2001), Optimization by Building
and Using Probabilistic Models (OBUPM) (Pelikan et al., 2002) or Probabilistic Mod-
elling Evolutionary Algorithms (Gallagher, 2000). To avoid confusion, in this paper we
will refer to these methods as EDAs. A general outline of an EDA is:

1. Initialize the probability model, Q(x).
2. Create a population of points X by sampling from Q(x).

3. Evaluate the objective function f(x) for each point in the population:

F={f(1),.... f(xx)}.
4. Update Q(x) using X and F, via a Selection operator.

5. Goto step 2 (until termination condition).

The majority of previous work in combining explicit modelling and EAs has fo-
cused on discrete (binary) optimization problems (x € S C {0,1}"); for reviews
see (Larrafiaga, 2001; Pelikan et al., 2002). One of the first and more widely-known
algorithms of this kind is Population-based incremental learning (PBIL) (Baluja, 1994).
The PBIL model is a probability vector that provides a simple realization of this notion,
modelling solutions encoded as fixed length binary vectors using independent proba-
bilities for each bit value z; € {0,1}. Subsequent work in binary search spaces has in-
volved using more powerful probabilistic models, which can be considered as Bayesian
networks with various structural (dependency) constraints (Baluja and Davies, 1997;
De Bonet et al., 1997; Pelikan et al., 1999). The motivation for such work is that dis-
covering and exploiting problem structure (i.e relationships between variables) is an
effective way to develop algorithms that scale favourably to high-dimensional prob-
lems. In general, this is a key goal throughout machine learning.

Continuous optimization problems (x € § C IR") are the focus of several EAs,
notably Evolution Strategies (ES) (Schwefel, 1995) and Evolutionary Programming (Fo-
gel, 1995). At their simplest, these algorithms search by generating a new population of
sample points as Gaussian perturbations of the current point(s). It is possible to make
a connection between continuous EAs such as these and the general EDA framework
above. This is done by focusing on the evolution of a probabilistic model itself (which
is used to generate candidate solutions) rather than the direct evolution of a finite pop-
ulation of candidate solutions. In fact, it can be shown that simple evolution strategies
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and a continuous version of PBIL based on a Gaussian model (Rudlof and Képpen,
1996; Sebag and Ducoulombier, 1998) are equivalent when the PBIL learning rate is set
to its maximum value (Gallagher, 2000). These methods are based on greedy heuristics
aided by the stochastic and distributed nature of the search. A number of other models
based on density estimators have been proposed for continuous problems, such as his-
togram, kernel and mixture models (Bosman and Thierens, 1999; Bosman and Thierens,
2000; Gallagher et al., 1999; Gallagher, 2000). While potential advantages of these ap-
proaches have been demonstrated, few detailed experimental studies and comparisons
of the algorithms are currently available. Furthermore, while the models used in these
algorithms are based on probabilistic methods, theoretical understandings of the be-
haviour of such algorithms are in relatively early stages of development.

This paper explores a theoretical foundation for continuous, population-based op-
timization using probabilistic modelling. In Section 2, optimization is formulated as
incrementally adapting a known probability density )(x) to approximate an unknown
probability density P(x), where the latter is of an assumed form and depends on the
objective function f(x). The adaptation considered minimizes the Kullback-Leibler di-
vergence between ()(x) and P(x) using a stochastic gradient descent. We compare this
result with a similar existing framework formulated for binary search spaces. The re-
lationship between the framework and existing algorithms (continuous-PBIL and the
(1, M)-ES) is discussed. In Section 3, wider relationships between the developed frame-
work and the generalized mean shift clustering framework are considered. Section 4
presents some experimental results that illustrate the dynamics of the algorithm com-
pared to the continuous PBIL algorithm and Section 5 provides some conclusions and
discusses directions for future work.

2 Probabilistic Modelling as Gradient Descent

A simple probabilistic model for a multi-dimensional search space IR" assumes that
each variable z; can be modelled independently; i.e. the joint density () (x) factorizes as

Q(x):HQ(a:j);x:{azl,...,a:”} 1)

=1

Given this restriction, it is sufficient to consider the univariate problem (n = 1). The
optimization task is assumed to be one of unconstrained maximization.

Suppose we have an objective function f(z) where z € IR. Consider a representa-
tion! of the objective function f(z) using a Boltzmann distribution

P(z) = %exp (@) @)

For small T (akin to the temperature in physical systems) all the probability mass con-
centrates around the highest points on the surface. One appealing feature of the ex-
ponential distribution is that it is invariant to arbitrary “vertical” translations of the
objective function f. Z is a normalization factor (the partition function) to constrain
P(z) to be a true probability distribution.

Assume that the form of f, and therefore P(x), is unknown. One approach to the
optimization of f is to consider approximating it with some model distribution, Q(z),

1Such a representation will exist under general conditions.
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