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Abstract— Hannenhalli and Pevzner developed the first
polynomial-time algorithm for the combinatorial problem of
sorting of signed genomic data. Their algorithm solves the
minimum number of reversals required for rearranging a genome
to another when gene duplication is nonexisting. In this paper, we
show how to extend the Hannenhalli-Pevzner approach to genomes
with multigene families. We propose a new heuristic algorithm
to compute the reversal distance between two genomes with
multigene families via the concept of binary integer programming
without removing gene duplicates. The experimental results on
simulated and real biological data demonstrate that the proposed
algorithm is able to find the reversal distance accurately.

I. I NTRODUCTION

The appearance of gene content and gene order data has
taken phylogenetic studies to a new level. The difference
between the order and orientation of genes on a chromosome
in two genomes can be used as a measure of evolutionary
distance. The gene order and orientation change very slowly
due to evolutionary events such as reversal, transposition and
translocation. Hannenhalli and Pevzner [3] developed a the-
ory for signed permutations(of genes) and an algorithm for
computing the reversal distance between two genomes in poly-
nomial time – indicating the extent of genome rearrangement
required. Henceforth, a sign (+ or -) is associated with each
gene representing its transcriptional orientation, i.e. on which
of the two complementary DNA strands the gene is located.
El-Mabrouk [2] extended the Hannenhalli-Pevzner theory to
compute the edit distance for inversions and deletions, and for
inversions and insertions not resulting from gene duplication.
The best running time forsorting by reversalsis quadratic [4],
while thereversal distancecan be computed in linear time [1].
With the more general aim of constructing a phylogenetic tree,
the method ofsorting by reversalscan evaluate the distance
between any two genomes (species) in the tree.

However, duplicated genes account for about 38% of the
human genome, 44% in bacterial genomes, and about 40% in
archaebacterial genomes [11]. The Hannenhalli-Pevzner theory
does not account for duplicated genes and the algorithm is

consequently producing misleading results for more complex
genomic data. Several models have been developed to account
for gene duplication for the analysis of genome rearrangement.
Sankoff [6] designed a branch-and-bound algorithm to find an
exemplardistance between genomes. The idea is to delete
all but one gene in a gene family, so as to minimize the
reversal distance between the related genomes. Theexemplar
problem is not only NP-hard [9] but also unlikely to have
polynomial time constant ratio approximation algorithm unless
NP=P [10]. Nguyenet al. [8] proposed a divide-and-conquer
approach for calculating theexemplardistance by partitioning
the gene families into disjoint subsets. All copies but one of
each gene had to be deleted in each two genomes causing
side-effects like loss of data and accuracy [12]. Recently,
Chen et al. [7] proposed an efficient and effective heuristic
algorithm (SRDD) for solving thesigned reversal distance
with duplicates problem using the techniques ofminimum
common partitionand maximum cycle decomposition. The
signed reversal distance with duplicates is NP-Hard as are both
techniques [7]. Due to the size of genomes, the computational
efficiency is an extremely important aspect of the analysis of
genome rearrangements. SRDD is a part of a state-of-the-art
system for ortholog assignment by reversals (SOAR).

In this paper we ask how the minimum reversal distance
can be determined efficiently and accurately in the presence of
multigene families. We propose a new heuristic algorithm to
find the canonical permutation of gene duplicates that obtains
the nearestminimal signed reversal distance for multigene
families (SRDMF). We extend the concept of a breakpoint
graph [3] to cope with multigene families. The key idea of our
method is to generate anincomplete breakpoint graphwhich
allows for exploring gene-gene relationships across the two
genomes, efficiently and accurately, by maximizing the number
of graph cycles. The technique ofBinary Integer Programming
(BIP) is applied to find a set ofgray edgesthat minimize the
reversal distance.

The SRDMF algorithm has been tested on both synthetic



and real biological datasets (from human, mouse and rat X
chromosomes), and compared with the SRDD algorithm [7].
The experimental results demonstrate that our algorithm gener-
ally outperforms the SRDD algorithm in terms of accuracy of
determining the minimal reversal distance (based on the known
minimal reversal distance).

The rest of the paper is organized as follows. Section II
introduces the preliminaries of our approach. Section III de-
scribes our heuristic algorithm (SRDMF). Section IV presents
the experimental results. The conclusion and further work are
discussed in section V.

II. PRELIMINARIES

Our approach is based on Hannenhalli and Pevzner’sbreak-
point graph [3] for sorting signed permutations by reversals.
To understand our extension we briefly introduce the basic
concepts of the Hannenhalli-Pevzner theory.

Let π and φ be signed permutations of sizen, such that
π = (±π1, . . . ,±πn) and φ = (±φ1, . . . ,±φn). Typically,
φ is an identity, i.e.φi = i. Let the unsigned permutation
π′ = {π′0, π′1, . . . , π′2n, π′2n+1} be defined such thatπ′0 = 0,
π′2n+1 = 2n + 1 and for all i, eachπi is replaced by the
(2πi− 1, 2πi) if πi > 0, and replaced by the(2|πi|, 2|πi| − 1),
otherwise. The unsigned permutationφ′ is defined in the same
way asπ′. We will only discuss the distance from a genome
π to the identity genomeφ = (1, 2, . . . , n). Without loss of
generality, we always compute the distance between any two
genomesπ andφ.

To find the minimum number of the reversalsrequired to
transformπ to φ, Hannenhalli and Pevzner’s algorithm depends
on a bi-colored cycle graph(G), called thebreakpoint graph,
constructed fromπ′ andφ′. Two genesπi andπj (1 ≤ j < i ≤
n) in a genomeπ are said to beconsecutiveif |πi − πj | = 1.
There is abreakpointbetweenπi andπj in π if πi andπj are
not consecutive. Thebreakpoint graph G = (V,E)of π

′
(with

respect to the unsigned identity permutation) is constructed by
arranging in a sequence of2n + 2 vertices, corresponding to
the element ofπ′. Each edge joins every pair of consecutive
elements ofπ

′
, i.e. starting with 0, calledblack edgeor reality

edge, and every other pair of consecutive integers,i.e. starting
with (0, 1), (2, 3), . . ., (2n, 2n + 1) calledgray edgeor desire
edge. A gray edge isorientedif it links two left vertices of two
black edges, or two right vertices of two black edges, otherwise
it is called unoriented. An example of a breakpoint graph is
shown in Fig. 1. The example graph decomposed into a set
of disjoint color-alternating cycles. By the size of a cycle,
we mean the number of black edges it contains. The number
of cycles of breakpoint graph is maximized whenπ=φ. A
componentof G is a maximal subset of crossing cycles. A
component isgood(oriented) if it contains at least one oriented

gray edge, andbad (unoriented) otherwise1.
A hurdle is an unoriented component which does not contain

other unoriented component and does not separate other unori-
ented components. A hurdle is called asuperhurdleif it were
eliminated, a nonhurdle would emerge as a hurdle; otherwise it
is a simple hurdle. A fortressexistsiff there is an odd number
of hurdles and all are superhurdles.

A reversal ρk(i, j), for any k and 1 ≤ i, j ≤ n,
of π = (π1, π2, . . . , πn) transforms π into ρ−1

k (i, j) =
(π1, . . . ,−πj ,−πj−1, . . . ,−πi, . . . , πn). A reversal distance
is the number of reversalsρ1(i1, j1) ρ2(i2, j2), . . ., ρt(it, jt)
of minimal length t required to transformπ to φ. We use
d(π) to denote theminimal reversal distancebetweenπ and
φ. The minimal reversal distance necessary to transformπ to
φ of permutation lengthn is given by the formula [3]:

d(π) = b(π)− c(π) + h(π) + f(π) (1)

whereb(π) is the number of black edges,c(π) is the number
of cycles inG, h(π) its number of hurdles, andf(π) is equal
to 1 if fortresses exist inG and zero otherwise.

From Fig. 1, the permutationπ has 15 black edges, 6 cycles,
2 hurdles, and nonfortress. By using the equation (1), the
reversal distance of the permutation is15− 6 + 2 + 0 = 11.

The probability for a given component to be good is greater
than its probability to be bad, the number of hurdles is close
to 0 [13]. The number of cycles is the dominant parameter in
the HP formulate ford(π), if b(π) is considered as constant.
Notice that more cycles mean less reversals.

III. C OMPUTING THE NEARESTM INIMUM REVERSAL

DISTANCE FORMULTIGENE FAMILIES

In the presence of duplicated genes, let the setA =
{g1, g2, . . . , gk} be the set of genes (as a uni-chromosome
permutation)π of lengthn. Eachgi is represented by a symbol,
a character or a number. For each genegi (1 ≤ i ≤ k), let
K(gi) be the number of occurrences (+ or -) of a symbolgi

in π and φ such thatK(gi) ≥ 1. A gene is called asingle
if it is the only member of a gene family in that genome,
K(gi) = 1. Otherwise the gene is referred to as a member
of a multigene family. Since the breakpoint graph is unable to
account for members of gene families, each member element,
πi, must be systematically renamed to achieve the minimum
reversal distance.

Consider an example shown in Fig. 2. Genesπ3 and π4

contain the same element 2 andπ8, π9, and π10 contain the
same element 3. These two gene families are rearranged and
relocated at new positions inφ. To uniquely rename each
element, first, all elements inπ are renamed according to their
positions with respect toφ. Symbolsx1, x2 are introduced

1Hannenhalli and Pevzner proved that the good components can be trans-
formed to a set of cycles of size one, by a sequence ofgood reversalsthat do
not create any new bad components. Bad components requirebad reversals
to be solved.
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Fig. 1. Breakpoint graphG for the permutationπ with respect to the identity permutation of sizen = 14. Connected componente is oriented, anda, b, c
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of size 1.

as temporary namesfor all duplicated elements labelled 2 and
symbolsy1, y2 and y3 are introduced as atemporary names
for all duplicated elements labelled 3. The renaming results
for both πnew andφnew (identity) are shown in Fig. 2.
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Fig. 2. The example of two copies of element2 and three copies of element
3 and the renaming results,πnew andφnew by temporary namex andy.

The elementsx1 andx2 in π can be assigned two possible
labels (2 or 3) and, similarly, the elementsy1, y2, andy3 in π
can be assigned three possible labels (7, 8 or 9). Therefore,
there are2!× 3! possible name assignments. Each assignment
may result in a different reversal distance,d(π), estimated from
equation (1) or computed by other reliable computing reversal
distance tools [1][5]. The minimald(π) can be found by
generating and testing all assignments. However, time grows
exponentiallywith the number of duplications. Therefore, we
turn to a heuristic method for assigning afinal name for each
temporaryname.

In the exampleπ′ of π = (5, 1, x1, x2, 4, 6, 11,y1, y2, y3,
10, 12) becomesπ′ = (0, 9, 10, 1, 2,x11, x12, x21, x22, 7, 8,
11, 12, 21, 22,y11, y12, y21, y22, y31, y32, 19, 20, 23, 24, 25)
where x1, x2 are replaced by(x11, x12), (x21, x22), and y1,
y2 andy3 are replaced by(y11, y12), (y21, y22) and(y31, y32),
respectively. Fromπ′, first, its incomplete breakpoint graph,
IG , is created (incomplete in the sense that the actual names
of xi, for 1 ≤ i ≤ 2 andyj , for 1 ≤ j ≤ 3 are so far unknown).
The example of incomplete breakpoint graph,IG , is shown in
Fig. 3.

The names ofx1, x2 can be either 2 or 3 and the names of
y1, y2 andy3 can be either 7, 8 or 9. Hence, the names ofxi1

must be 3 or 5 , for1 ≤ i ≤ 2 and the names ofxj2 must be
4 or 6 , for1 ≤ j ≤ 2. In the same way, the name ofym1, for
1 ≤ m ≤ 3, must be 13, 15, or 17 and the name ofyk2, for

1 ≤ k ≤ 3, must be 14, 16, or 18.
With all temporary names in place, allblack edgesandgray

edgesare identified. The pair(π
′
i, π

′
j) in IG, 1 ≤ i < j ≤ 2n+

2, is connected by a black edge ifπ
′
i or π

′
j is avariable, or both

π
′
i andπ

′
j are variableswith different temporary names. The

gray edges are determined as usual but by handling variables
as follows.

Let Ep be the set ofgray edge groups(p) separated by the
pair of non-existing gray edges inIG. Each group is composed
of all possibible gray edges (ek) with respect to its non-existing
gray edge. For the example in Table I, there are seven groups
(E1, E2, . . . , E7) corresponding to non-existing gray edges,
(2, 3), (4, 5),. . . (18, 19). To form the possible gray edges
for group E1 (2, 3), the element 2 exists in theIG but the
element 3 does not exist for any point inIG. According to
the assumption, the possible gray edges in this case aree1:(2,
x11) ande2:(2, x21) because eitherx11 or x21 must be named 3.
The other groups are handled similarly. Table I summarizes all
possible edge groups for the temporary namesx andy. Each
ek denotes each possible gray edge and is thedecision variable
for the integer programming procedure. The value is equal to
1 if the edge is selected, otherwise 0.

With the complication introduced by gene families, we
classify the type of cycle into three types which are

1) Type Ais the complete cycle (as per the breakpoint graph,
size of cycle≥ 1).

2) Type Bis the incomplete cycle with constants.
3) Type Cis the incomplete cycle with variables.

Note that transforming from an incomplete breakpoint graph to
its complete breakpoint graph, the number of typeA cycles is
constant, while the number of typeB cycles become 0, and the
number of typeC cycles is constant or is reduced. There are
two cycles oftype Aand seven cycles oftype C in Fig. 4.

While completing the breakpoint graph the set of gray edges
needs to satisfy the properties: (1) every non-linking vertex is
incident to exactly one gray edge; (2) only a gray edge from
each edge group(Ek) is selected.

Equation (1) provides the essential clue to achieve the
minimum number of reversals by minimizingb(π)−c(π). This
implies that the selected gray edges must create themaximum
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Fig. 4. All of cycles inIG, namea1 anda2 are thetype Aandc1, c2, c3, c4, c5, c6, c7 are thetype C.

number of cycles. To find the maximum cycles, we set the
weight wi for each edgeei is defined as the following cases
and the examples are shown in Fig. 5.
case 1:wi = 1 if ei forms the cycle size 1.
case 2: wi = 2 if ei joins by two vertices in the same
incomplete cycle.
case 3:wi = 3 if ei joins by two vertices in the different
incomplete cycles.

The following notation is used for describing the application
of binary integer programming.

lik : equal to 1 if edgeek belongs to
an incomplete cycleci, otherwise 0.

Tc : the number of incomplete cycles typec.
Tci : the number of variables for a cycleci.
Te : the number of possible gray edges.
Tg : the number of possible gray edge groups.
TEp : the number of possible gray edges for groupp.

Objective function: Minimize
∑Te

i=1 wi · ei (2)
Constraints:

∑Te

k=1 lik = Tci

for i = 1 to Tc (3)∑TEp

i=1 ei = 1
for p = 1 to Tg (4)

ei ∈ {0, 1} (5)

The objective function (2) minimizes the weight of candidate
edges (the minimal weight forms the maximum cycles). The
constraint (3) ensures that the number of selecting edgesek

does not exceed total number of variables for each cycleci,
constraint (4) ensures that only one possible gray edge is
selected for each group. The outline for the SRDMF algorithm
is given in Fig. 6.

Algorithm   SRDMF

of size greater than 1 by temporary variables and keep the mapping position.

Output: 

2. Transform signed to unsigned permutation. For each variable g , replace by g   and g  .

3. Construct the incomplete breakpoint graph (IG) for unsigned permutation.

4. Identify all black edges and gray edges in IG.

5. Identify possible gray edge groups (E) and gray edges (e) and weight for each gray edge.

6. Formulate the binary integer programming from equations (2) − (5).
7. Solve the binary integer programming.

(included gene families)φandπtwo genomes 
The selected gray edges are completed the incomplete breakpoint graph.

Input:

1. Rename each family size 1 of        according to its position in     π φ ,and rename each family  

i i2i1

Fig. 6. The outline for heuristic algorithm SRDMF.

Once this algorithm is completed, all variables are assigned
actual values. Equation (1) can then be applied to compute the
minimal reversal distance between the two genomes.

IV. EXPERIMENTAL RESULTS

We have implemented our algorithm (SRDMF) in MATLAB
version 7.0 and tested it for correctness and performance2. Test
data fell into two categories: synthetic data and real biological
data.

A. Synthetic data

In order to rigorously test correctness we compare the
calculated reversal distance with the exact minimal reversal
distance that obtained from the reliable program (GRAPPA)3.
The accuracy was compared to that achieved with the SRDD

2All testing was performed on a Sony laptop with 1.6 MHz Pentium IV
processor and 1 GB of RAM, and running the Linux operating system Redhat
version 8.0. The BIP was solved by optimization toolbox for MATLAB version
7.0 (the modulebintprog).

3We use the GRAPPA version 2.0 [1], module ofinvdist only, to compute
the reversal distance for all possible combinations to identify the one that has
the minimal reversal distance.
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algorithm4. Although the SRDD was not originally proposed
to compute the reversal distance, its objective is closely related
to that of the problem addressed here. The synthetic data set
is generated as follows:

1) Start fromπ with n distinct symbols whose signs are also
generated randomly.

2) After that, randomly generatef families, where each
family has random size3 ≤ K(fi) ≤ 5, i.e. recursively
combining single gene until the size equals toK(fi).

To obtain the genomeφ, we perform t random reversals
uniformly over the genomeπ. We ran the SRDMF and SRDD
on ten different instances ofφ. Fig. 7 shows the average
performance of both algorithms over the ten instances in term
of reversal distance, contrasted with the exact minimal reversal
distance as determined by GRAPPA (invdist).

On average, each run of the SRDMF algorithm takes about
10 seconds while the SRDD takes less than 5 seconds (we
believe this is because SRDD uses a simple greedy algorithm to
find the maximum number of cycles). Our heuristic algorithm
consistently produces a closer estimate of the exact minimal
reversal distance compared to SRDD, for eacht > 35. How-
ever, both algorithms overestimate the actual reversal distance
(t), for eacht > 35. These statistics indicate that our algorithm
is quite reliable in finding the nearest minimal reversal distance
with multigene families.

B. Real biological data

We downloaded the X chromosome of human, (Homo
Sapien, NCBI build 34, July 2003 UCSC hg 16) mouse
(Mus musculus, NCBI build 32, October 2003; UCSC
mm4) and rat (Rattus norvegicus, Baylor HGSC v.31,
June 2003; UCSC rn3) from the SOAR web page
(http://www.cs.ucr.edu/xinchen/soar.html). There are 922 genes

4The executable program is provided from the authors [7].

from human X chromosome, 1030 genes from mouse and 899
genes from rat, respectively. We also have used information
about gene families from this site (as shown in Table II).
There are 355 families of size one between human-mouse, 321
between human-rat, and 348 between mouse-rat. By using the
SRDD, the breakpoint and reversal distances between human-
mouse are 143 and 123, between human-rat are 135 and 117,
between mouse-rat are 188 and 155, respectively. We ran
SRDMF for all genome combinations. The results are shown
in Table II.

The comparative results for all three pairs of genomes are
summarized in Table II. The results show that SRDD and
SRDMF determine similar distances for human-mouse and
human-rat. We believe that the non-distinct result is due to
the low estimated reversal distance between human-mouse
and human-rat (34 and 35% of the number of single genes,
respectively). According to the synthetic data, both SRDD
and SRDMF obtain similar minimal distances whent ≤ 35.
However, the SRDMF improves slightly on SRDD for the
mouse-rat calculation, both in term of breakpoint and reversal
distance. Noteworthy, the estimated reversal distance between
mouse and rat is 45% of the number of single genes. We expect
to see a greater improvement for SRDMF for genomes that are
less related.

V. CONCLUSION

We present a new heuristic algorithm to find the nearest
minimal reversal distance between genomes with multigene
families. The approach uses the notion of a breakpoint graph,
but readily provides means for exploring possible combinations
of duplicate genes across genomes. The exploration is done
using binary integer programming optimization based on pre-
determined penalties for properties of an incomplete version of
the breakpoint graph.
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Fig. 7. The reversal distance of both algorithms comparing with the exact reversal distance.

Experimental results on synthetic and real biological data sets
show that our approach exceeds the accuracy provided by the
SRDD algorithm (Signed Reversal Distance with Duplicates)
but with a drop in computation time.

Future work will investigate how to account for multi-
chromosome and other rearrangement operations such as trans-
position, insertion, deletion.
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