Pedagogic notes

Cups are arranged in a row and randomly placed either upright or

upside-down. The only move that is permitted is to selected any two

neighbouring cups and rotate them both. The aim of the

puzzle is, by repeated application of this simple move, to end up

with all the cups upright.

There are two central problems associated with this puzzle.

First, to discover a simple rule that enables us to predict in advance

whether or not the puzzle can be solved. The aim is not only to discover

the rule, but for older students to attempt to verbalise to the class

a reasoned argument to convince the class that their rule is valid.

Second, to discover a strategy for solving the puzzle when this rule is

satisfied. Again students should be encouraged to explain their strategy

to the whole class, and for older students to present verbally a reasoned

and convincing argument as to why their strategy works.

Ideally, the classroom has an interactive whiteboard and students can use

the board to demonstrate their solutions.

Mathematical observations for the teacher

The puzzle can be solved iff there are an even number of upside-down cups

in the original configuration.

A strategy for solving the puzzle when there are an even number of cups

upside-down is to repeatedly rotate the left-most upside-down cup and its

right-hand neighbour.

A reasoned argument

An invariant of the puzzle is the parity of the number of upside-down

cups. That is, if the number of upside-cups is even (odd) this number will

always be even (odd) regardless of the neighbouring cups rotated. (Proof

is by case analysis.) From this observation it is clear that the even-ness

of the number of upside-down cups is a requirement for solvability, as

0, the number of upside-down cups when the puzzle is solved, is an even

number.

By flipping the left-most upside-down cup and its right-hand neighbour,

the number of upside-down cups will remain even but the position of the

left-most upside-down cup will move strictly to the right. If all the

upside-down cups were at the far right hand end, the strategy for turning

them upright, given that there is an even number of them, is obvious.
Hence the condition of  even-ness of the upside-down cups is sufficient

for solvability of the puzzle and in this case the suggested strategy works.
