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ABSTRACT

The teleo-reactive programming approach was developed by Nils-
son for application in domains like robotics. It has a high-level
programming model that allows real-time control programs to be
written in a manner that allows them to react robustly to changes
in the environment. In this paper we give a formalisation of the se-
mantics of teleo-reactive programs and provide rely/guarantee rules
for reasoning about them. The semantics are given in a form that
partitions the behaviour of the system into its behaviour over a se-
quence of time intervals.

1. INTRODUCTION

Real-time computer systems are being employed to control both
mission-critical systems, where failures can be costly, and safety-
critical systems, where failure can endanger lives, for example, in
robotics and automated railway systems. The development of such
systems needs to support the verification and validation of their de-
pendability in a rigorous manner [19, 25]. Because of the growing
sophistication of the applications in which real-time control sys-
tems are used, we need more sophisticated languages to express
the control programs. Teleo-reactive programming notation is an
excellent candidate.'

Our aim is to extend the theory of teleo-reactive programs to pro-
vide better methods for developing and reasoning about the future
generations of advanced real-time control applications, in a man-
ner that provides the dependability required for use in critical ap-
plications. Teleo-Reactive (T-R) programs were invented by Nils
Nilsson from Stanford University [22, 24]. To quote Nilsson [23]

A teleo-reactive (T-R) program is a mid-level agent
control program that robustly directs an agent toward a
goal in a manner that continuously takes into account
the agent’s changing perceptions of a dynamic envi-
ronment. T-R programs are written in a production-
rule-like language.

The main advantage of teleo-reactive programs is their ability to
react robustly to changes in either their environment or their current

'Greek: telos: end, purpose.
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goal. On the web site for teleo-reactive programming [23] there is
a sample block-stacking program, that given a requirement to stack
blocks on top of one another in a particular order, carries out that
task. The program is resilient to interference from the environment
that can hinder the program by unstacking already stacked blocks,
or help the program by stacking blocks in the correct order.

Because teleo-reactive programs allow a hierarchical nesting of
procedures, they provide a simpler, higher-level model than, say,
Action Systems [4, 3], or TLA [18], for expressing a mid-level
control program. In addition, actions in teleo-reactive programs are
durative (i.e., they take time) and hence it is easy to combine teleo-
reactive programs with continuous components. Here we need to
compare them with approaches like Continuous Action Systems [2]
and Hybrid Automata [1, 15].

This paper aims to provide a reasoning framework to support the
development and verification of teleo-reactive programs. We

e give an example teleo-reactive program to illustrate the nota-
tion and compare it with other approaches (Section 2);

extend the notation with specification constructs including
non-determinism (Section 3);

develop a time-interval semantics for teleo-reactive programs
(Section 4);

develop rely/guarantee reasoning rules to allow the proof of
desired properties of teleo-reactive programs in a composi-
tional manner (Section 5); and

apply the rules to the example program (Section 6).

2. EXAMPLE

To familiarise the reader with teleo-reactive programs, we give a
short overview and a simple example. Teleo-reactive programs are
described by a combination of

e sensed values, or values derived or inferred from sensed val-
ues,

e primitive durative actions, i.e., actions that take time, and
e processes defined via (durative) conditionals.

The example we provide is of a teleo-reactive program that controls
the water level in a coal mine [8, 21, 17]. There are three sensed
values:

methane, the level of methane in the mine;

water, the level of water in the mine; and



pump_active, an indicator of whether the pump is currently ac-
tive.

When there is water in the mine shaft it should be pumped out,
unless the methane level in the mine is above a critical level, in
which case running the pump could cause an explosion. To avoid
rapid cycling of the pump on and off, we use two water levels High
and Low, where Low < High. When the water level reaches High
the pump should be turned on and remain on until it reaches Low,
at which stage it will remain off until it reaches High again. There
are three primitive durative actions:

e alarm, that, while active, sounds an alarm;
e pump, that, while active, pumps water out of the mine; and
e nil, that does nothing.

The teleo-reactive program is represented by the two procedures
mine_pump and operate, which are expressed as prioritised lists
of conditions and associated actions. If a procedure is active, then at
any time the action corresponding to the first true condition will be
executing. For the procedure mine_pump, whenever the methane
level is above the critical level, the alarm will sound, otherwise the
procedure operate will be used, which will pump water out of the
mine when necessary.

mine_pump =

Critical < methane — alarm,
true — operate
operate =

( High < water v

Low < water A pump_active ) . pump,
true — il

The conditions of the branches are continually monitored, so that
as soon as an active branch’s condition becomes false or the condi-
tion of an earlier (higher priority) branch becomes true, a switch of
branch will occur. For example, if at any time while the procedure
operate is executing, the methane level goes critical, the condition
of the first branch of the procedure mine_pump will become true
and execution of procedure operate will be terminated immedi-
ately. Note that procedure operate has no control over when its
execution will be terminated: its termination is under the control of
procedure mine_pump.

When the primitive action pump is active it guarantees that the
water is extracted from the mine at a minimum rate of MinOut
and that the boolean pump_active is true, i.e.,

g_pump = O(MinOut < water_out A pump_active)

where the operator O (which is defined below) indicates that the
predicate after it holds at all times over the interval that the pump is
active. Action pump only needs to guarantee the above condition
provided the water level is above Low and methane level is not crit-
ical, that is, when active, pump relies on the following condition

r_pump = O(Low < water A methane < Critical).

We will make use of rely and guarantee conditions like r_pump
and g_pump for reasoning about teleo-reactive programs in Sec-
tions 5 and 6.

The definition of mine_pump above is equivalent to the ver-
sion in Figure 1, in which procedure operate has been expanded
out, but with the condition for invoking operate (in this case just
true) conjoined to each branch of operate. From this it is easy
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Critical < methane — alarm,
High < water vV

true Low < water A pump_active ) — bump,

true A true — nil

Figure 1: Expanded teleo-reactive program

to see that the pump is only ever active while the methane level is
not critical and the water level is at least above Low. Using other
formalisms deriving such a property is no where near as easy. In
other approaches either, if a procedure is invoked, it then becomes
responsible for testing all conditions that may cause it to terminate,
or, in the case of action systems, there isn’t really a concept of a
nested procedure. The hierarchical nesting of procedures afforded
by teleo-reactive programs is an important difference, because it is
easier to write programs that are required to react robustly to an
unpredictable changing environment. Statechart notation [12] pro-
vides a similar ability in the sense that it supports hierarchical nest-
ing of states and a transition at a higher level takes precedence over
lower-level transitions, however, Statechart transitions are based on
events, rather than continual monitoring of the environment.

We have provided only a simple example of a teleo-reactive pro-
gram, but they are capable of representing quite sophisticated mid-
level control systems.

2.1 Comparison with action systems

For comparison purposes we give a version of the mine pump
system using action systems [4, 3]. Although there is some sim-
ilarity between the syntax for guarded actions and that for teleo-
reactive programs, the interpretation is quite different because the
actions aren’t durative. The action system initialises the variables
pump and alarm, and then repeatedly chooses a guarded action
and executes it. The action system is designed so that there is al-
ways one guard which is true, even if the corresponding action is
the null operation, skip, which does nothing and terminates im-
mediately. The other actions are defined in terms of concurrent
assignments to pump and/or alarm. The sensors for the water and
methane levels are assumed to be sampled once at the start of each
iteration, so that consistent values are used throughout the guard
evaluation.

initially alarm := Off || pump := Off;
do alarm = Off A methane < Critical A
High < water A pump = Off — pump := On
[ alarm = Off A methane < Critical A
water < Low A pump = On — pump := Off
[ alarm = Off A methane < Critical A
Low < water < High — skip
alarm = Off A Critical < methane —
alarm := On || pump := Off
| alarm = On A Critical < methane —

=

skip

| alarm = On A methane < Critical —
alarm := Off

od

This action system has some interesting invariants.

alarm =0n =  pump = Off

alarm = On <= Critical < methane

pump =0n = Low < water



In the second and third invariants, methane and water refer to
the values sampled at the beginning of the iteration, rather than the
actual values of methane and water, which change over time.
While these invariants can be shown to hold for the action system,
the corresponding properties are obvious in the teleo-reactive pro-
gram in Figure 1.

In order to express properties of continuous variables, one needs
to switch to Continuous Action Systems [2]. These are similar to
action systems, but allow the assignment of traces of future values
to variables in order to model values that vary over time. These
allow the expression of the fact that, when the pump is turned on,
water_out is at least MinOwut, but there doesn’t seem to be any
way to make assumptions about the behaviour of environment vari-
ables, like water_in. To give a general characterisation, when the
focus is on the behaviour over intervals or responding to changes in
the environment, teleo-reactive systems appear simpler, but when
the focus is on the state changes or sequencing of actions (a state
machine), action systems appear simpler.

3. ABSTRACT SYNTAX

To allow reasoning about teleo-reactive programs we first extend
the notation with specification constructs:

e nondeterminism, and
e more expressive guarded conditionals.

Nondeterminism is a fundamental building block for system spec-
ification because it allows an implementer the freedom to post-
pone design choices. Dijkstra in his guarded commands [10, 11]
replaced the standard prioritised conditional statement by a non-
deterministic conditional, in which there was no priority between
the branches and if more than one condition is true, any of the
branches with a true condition may be executed. The same ap-
proach can be used within teleo-reactive programs: the prioritised
conditional (as used in the example above) can be replaced by a
more general non-deterministic conditional, although the seman-
tics in the teleo-reactive case is quite different. As with Dijkstra’s
conditional, this requires that the condition for each branch must be
expressed in full, because one can no longer rely on the negation of
the earlier conditions. For example, the mine_pump procedure is
equivalent to

Critical < methane — alarm
Mmethane < Critical — operate

Any conditional can be expressed in terms of a nondeterministic
choice between guarded actions, for example, the conditional

c0 — a0,
cl —al

is equivalent to

c0 — a0
[l —c0ANcl —al
M —c0A-cl — chaos

In the expanded form, the negation of the guard of the first branch
appears explicitly in the second branch, and the chaotic behaviour
in the case where neither guard holds is also made explicit.

In general, the guard conditions of a nondeterministic choice do
not need to be mutually exclusive. The following is refined by the
procedure operate above. When the water level is between Low
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and High, this version allows either pump or nil to be active, and
for control to switch between the two at any time.

Low < water — pump
Mwater < High — nil

If High < water only the first branch is enabled, i.e., the action
is pump, and if water < Low only the second branch is enabled,
i.e., the action is nil.

The following gives the definition of the abstract syntax for teleo-
reactive programs, including our extensions.

Definition 1. The abstract syntax for teleo-reactive programs is
defined by the following productions.

GA
A

Pred — A
cond.(seq.GA) | AN A| GA| Identifier

The syntax allows an action (A) to be either: a conditional con-
sisting of a sequence of guarded actions (G A); a nondeterministic
choice (1) between actions; a single guarded action; or an identifier
giving the name of an action. A guarded action (GA) consists of
a predicate on the state of the system and an action. We use stan-
dard notation for predicates and hence don’t give their syntax here.
When writing teleo-reactive programs below we use the convention
that nondeterministic choice (1) has lower precedence than guard-
ing (—). We use the operator “” for sequence concatenation and
the notation (o, x1, ..., zn—1) for a sequence with n elements.

Our guarded actions are more general than standard teleo-reactive
guarded actions, in that they allow the action part to be an arbitrary
action, including a sequence of guarded actions or a nondetermin-
istic choice. This generalisation helps simplify the presentation of
the semantics because a procedure is syntactically just an action
and any occurrence of a procedure identifier can be replaced by the
corresponding action.

4. SEMANTICS

Nilsson only gives an informal description of the simple “circuit-
like” semantics of teleo-reactive programs [22, 24]. Here we give
a formal treatment of the semantics necessary to validate rules for
reasoning about teleo-reactive programs.

The behaviour of a teleo-reactive system can be decomposed by
partitioning time into intervals over which a single action is ac-
tive. That action determines the behaviour of the system for that
interval. Hence the ability to reason over time intervals and com-
bine reasoning over time intervals forms the basis of a semantics
for teleo-reactive programs. The motivation for our approach to the
semantics comes from the Duration Calculus [9] and research on
real-time refinement [21, 20, 14, 13].

A trace of the behaviour of an action over time gives the state
of the variables at every time, i.e., it is a mapping from time to the
state, 3, which is itself a mapping from variables names (Var) to
values (Value). We will take T'iéme to be the set of non-negative
real numbers. A trace predicate is either true or false for a given
trace.

Y =Var — Value
Trace =Time — %
TracePredicate = Trace — Boolean
We promote the standard boolean operators such as conjunction

and disjunction to trace predicates by defining them pointwise on
the traces, e.g., for trace o,

(pAq).o =p.oAg.o.



For predicate c; actions a, ao, a1; time interval A; and sequence of guarded actions s; behaviours are defined as follows.

bbeh.chaos

bbeh.(c — a)

bbeh.(ap Maz)
bbeh.(cond.())
bbeh.(cond.({c — a) " s))
beh.a.A

1

I

True ()]
Oc A beh.a (2)
bbeh.ag V bbeh.ay 3)
True 4)
bbeh.(c — a Tl —c — cond.s) )
36 : part.A e Vi : dom .§ e bbeh.a.(8.1) (6)

Figure 2: Semantics of T-R programs

To give the semantics of teleo-reactive programs we need to re-
strict our attention to the behaviour of an action over a contiguous
time interval for which the action is active. The set Interval con-
tains all the contiguous subsets of Time. We also promote the
boolean operators one step further to act on the type (Interval —
TracePredicate), e.g., for time interval A,

(pN@)-A=pAANgA
and hence from the promotion to traces
(pNq).Ao=pAoAqgAo.

To promote a boolean condition, ¢, to hold for all times in an
interval, we use the notation “Oc¢”.

Definition 2. For any time interval A, trace o, and state predi-
cate, ¢, (i.e., ¢ € X — Boolean)

(Oc). Ao = (Vt: A ec.(o.)).

The operator “0” has higher precedence than the other operators.

Behaviours of actions over a time interval are characterised by a
trace predicate. We give the semantics in two steps: the basic be-
haviour function, bbeh, defines the behaviour over an interval over
which a single action is enabled and the behaviour function beh
pieces together a contiguous sequence of these intervals to provide
the behaviour over an arbitrary interval. Both beh and bbeh map
teleo-reactive actions from the abstract syntax to functions from
time intervals to trace predicates.

beh, bbeh : A — (Interval — TracePredicate)

We assume that the names of any procedures are replaced by the
teleo-reactive action they are defined to equal. The semantics of
actions are given in Figure 2. The primitive durative action chaos
is completely unpredictable: any trace is allowed in its behaviour.
Note that T'rue is the promoted version of the boolean true, so
that True.A.oc = true. For a single guarded action, ¢ — a, and
time interval A, a trace is a basic behaviour of the guarded action
over A if ¢ holds over A and the trace is a behaviour of the action
a over A (2). Again, the definition uses the promoted operator, so
that

bbeh.(c — a).A.c

(B¢ A beh.a). Ao
(B¢).A.o Abeh.a. Ao
(Vt: A ec(ot)) Nbeh.a.A.o

For a nondeterministic choice, aop [ a1, a trace is a basic behaviour
of the choice over an interval A if it is a basic behaviour of ag
over A or a basic behaviour of a; over A (3). The empty sequence
of guarded actions behaves as the totally unconstrained action (4)
(i.e., chaos). A sequence of guarded actions, with head the guarded
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action (c — a) and tail the sequence of guarded actions, s, behaves
as a if ¢ holds over A, or as cond.s if —c holds over A (5).

A behaviour of an action a over an interval A is formed from
basic behaviours of a over some partition of A (6). Figure 3 illus-
trates a possible partition for a conditional.

Definition 3. A sequence of time intervals, d, partitions a time
interval A, if the union of the intervals in ¢ equals A and consecu-
tive intervals within ¢ adjoin, (i.e., the end of interval §.i equals the
start of interval d.(¢ + 1)). We use the notation part.A for the set
of all partitions of an interval A. We do not rule out the sequence §
having an infinite number of elements, but (to avoid Zeno-like be-
haviour) we do require that if § is infinite then A must be an infinite
interval.

We now give some properties derived from these definitions.

THEOREM 1. The behaviours of action (¢ — a) over a time
interval A are exactly its basic behaviours, i.e., beh.(c — a) =
bbeh.(c — a).

PROOF. The proof proceeds by first decomposing the behaviour
of the guarded action, (¢ — a), into a partition § of its basic be-
haviours. For each interval 4.7 in ¢, the behaviour of the action a
is then decomposed into the basic behaviours of a over a partition
(B) of 4.i. Next we form a partition v of A that is composed of
the union of the partitions of every d.i. For any time interval A we
have

beh.(c — a).A
= definition (6) of beh

36 : part.A e Vi : dom .0 e bbeh.(c — a).(d.7)
= definition (2) of bbeh.(c — a)

36 : part.A e Vi : dom .d e (Oc).(d.7) A beh.a.(d.7)
= Definition 3; Definition 2; property of O

(Oc).A A 36 : part.A e Vi : dom .§ e beh.a.(d.1)
= definition (6) of beh

(Oc).A AT : part. A eVi:dom.j e

36 : part.(6.i) @ Vj : dom . e bbeh.a.(d.5)

= form a new partition y by combining partitions for each 9.

(Bc).A A Fy : part.A e Vi : dom .y e bbeh.a.(7y.7)
= definition (6) of beh

(0c).A A beh.a.A
= definition (2) of bbeh

bbeh.(c — a).A

O

THEOREM 2. For any two actions ag and a1, if bbeh.ag =
bbeh.ay, then beh.ag = beh.ay.



Ocl Oc0 Ocl Oc0
6.0 6.1 6.2 6.3
[ | | | J
al al al al
A

Figure 3: Possible partition for “c0 — a0, cl — al”

PROOF. Assume bbeh.ag = bbeh.a1, then for any time interval
A we have

beh.ag. A
= definition (6) of beh

36 : part.A e Vi : dom .5 e bbeh.ag.(d.1)
= assumption

36 : part.A e Vi : dom .5 e bbeh.a1.(d.)
= definition (6) of beh

beh.ar.A

O

From this theorem we can deduce the following corollary using the
definition of bbeh for a conditional (5).

COROLLARY 1. The action cond.({c — a) " s) is equivalent
to the action (¢ — a M —¢ — cond.s).

THEOREM 3. The action (co — cond.({(c1 — a1) "~ s)) is
equivalent to the action (co N\ ¢1 — a1 Mo A —c1 — cond.s).

PROOF. For any time interval A we have

beh.(co — cond.((c1 — a1) 7 8)).A
= Theorem 1 and definition (2)
(Oco).A ANbeh.(cond.({c1 — a1) 7 8)).A
= Corollary 1
(Bco).A ANbeh.(c1 — a1 T —er — cond.s). A
= definition (6) of beh
(Oco). A N3 : part.A e Vi :dom .o e
bbeh.(c1 — a1 M—c1 — cond.s).(6.%)
= distributing O¢g over the partition §
36 : part.A e Vi : dom.d e (Ocp).(0.9) A
bbeh.(c1 — a1 M —e1 — cond.s).(9.i)
= definitions (3) and (2) of bbeh
36 : part.A e Vi : dom.§ e (Ocp).(6.1) A
((@e1).(8.9) A beh.ay.(.3) V
(8-¢1).(8.9) A beh.(cond.s).(d.1))
= properties of O
39 : part.A e Vi :dom .0 e
((O(co A c1)).(6.2) A beh.ay.(6.5) V
(O(co A —e1)).(0.3) A beh.(cond.s).(6.9))
= definitions (2) and (3) of bbeh
39 : part.A e ¥i:dom.) e
bbeh.(co A c1 — a1 Mco A —e1 — cond.s).(0.1)
= definition (6) of beh
beh.(co Ac1 — a1 Mo A —e1 — cond.s).A

O
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guarantee

Figure 4: Satisfaction of a rely/guarantee pair

5. REASONING

The rely/guarantee reasoning of Jones [16] has been used to pro-
vide compositional reasoning about programs. Other related ap-
proaches include Mahony’s network of dataflow processes [20],
and Broy and Stglen’s Focus approach [6], amongst others. The
rely/guarantee conditions of Jones [16] are relations between two
states only. For real-time teleo-reactive programs we want to be
able to reason about the behaviour of the system over time and
hence for teleo-reactive programs we require the rely and guar-
antee conditions to be predicates of the time interval over which
the procedure operates, i.e., the rely and guarantee are functions
from time intervals to trace predicates (i.e., of type Interval —
TracePredicate). For example, in Section 2 the primitive dura-
tion action pump was specified by a combination of a rely con-
dition, r_pump, that the methane level is below critical over the
interval that the pump action is active, and a guarantee condition,
g_pump, that the rate of flow of water out of the mine is greater
than some minimum rate over the same interval.

Whenever the rely condition holds the behaviour of the action
must be such that the guarantee condition holds. This is illustrated
in Figure 4.

Definition 4. An action, a, satisfies a rely/guarantee pair, written
r {a} g, if all behaviours of a for which the rely condition holds
also satisty the guarantee condition:

r Abeh.a = g

Note that, due to the promotion of the boolean operators over inter-
vals, this is equivalent to

VA : Interval @ r.A A beh.a.A = g.A

which in turn, due the promotion of the boolean operators over
traces, is equivalent to

Vo : Trace e VA : Interval e
r.A.oc ANbeh.a.A.oc = g.A.o



THEOREM 4. For rely conditions v and ', guarantee condi-
tions g and g', and action a, ifr = v’ andr' {a} g’ andrng’' = g,
thenr {a} g.

PROOF. The proof follows from the definition of “satisfies”.

r{a} g
= Definition 4
rAbeh.a =g
EasrNg =g
r Abeh.a = ¢
Easr =1
' Abeh.a = ¢
= Definition 4
' {a} g
O

We provide rely/guarantee rules for reasoning about teleo-reactive
programs in each of the forms given in the abstract syntax. We
start with a single guarded commmand, (¢ — a). This will satisfy
a rely/guarantee pair, (r, g), if a satisfies the pair for all intervals
for which ¢ holds over the whole interval.

THEOREM 5. For a rely condition r, a guarantee condition g,
a state predicate c, and an action a,

r{c—a}g=(rAQc){a}g.
PROOF.

r{c—a}lyg

= Definition 4 of satisfies
rAbeh.(c—a)=g

= Theorem 1 and definition (2) of bbeh.(c — a)
r AOcAbeh.a=g

= Definition 4 of satisfies
(r ADOc) {a} g

O

The execution of a nondeterministic choice or a conditional may
switch between subactions during its execution. The subactions
may only execute for some subinterval of the overall execution time
interval. To reason about a subaction we need to be able to assume
arely condition over the subinterval over which it executes. Hence
we impose a requirement on the rely condition that, if it holds for
an interval, it holds for any subinterval of that interval.

Definition 5. A (rely) condition, r, decomposes over intervals it
whenever r holds for an interval A, it holds for its subintervals:

VA, A : Interval ¢ A' CAAT.A =S A

For example, for state predicate, ¢, Oc decomposes over intervals,
but ».A =10 < length.A does not because a subinterval of A
may be of length less than 10.

In a similar fashion, we would like to be able to guarantee a
condition g holds over the whole of the execution interval, A, of
a nondeterministic choice or a conditional. To do this we need to
be able to combine the guarantees of the subintervals over which
the subactions execute to give an overall guarantee over the whole
interval A. Hence we require that if a guarantee condition, g, holds
for every subinterval in a partition of A, it will hold over A.

Definition 6. A (guarantee) condition, g, composes over inter-
vals if whenever g holds for every subinterval in a partition 6 of A,
it holds for A:

VA : Interval e Y6 : part.A e
(Vi:dom.5 e g.(8.4)) = g.A
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For example, for a predicate ¢, Oc composes over intervals and
hence the condition O(x = 0 V & = 1) composes over intervals,
but O(z = 0) V O(z = 1) does not, because it is possible that an
interval, A, may be split into two subintervals such that O(z = 0)
holds for one subinterval and O(z = 1) holds for the other, but
neither O(z = 0) nor O(z = 1) holds for the whole of A.

THEOREM 6. For a rely condition r that decomposes over in-
tervals, a guarantee condition g that composes over intervals, and
actions ag and az,

r{aocMai}lyg
provided

(r{ao} g) A (r{a1} 9).

PROOF. Assume r {ao} g and 7 {a1} g, and hence for any time
interval A,

r.A A beh.ag.A = g.A (@)
r.A Abeh.a1.A = g.A ®)

The proof then proceeds as follows:

r{aoMNai}tg
= Definition 4 of satisfies
rAbeh.(aoMa1) =g
= expanding promoted operators
VA : Interval @ r.A Nbeh.(ap Mai).A = g.A
= definition (6) of beh
VA : Interval e r.A A
(39 : part.A e Vi : dom.d e bbeh.(ap Mai).(0.i)) = g.A
= definition (3) of bbeh.(ao M a1)
VA : Interval @ r.A A
(36 : part.A e Vi : dom.d e (bbeh.ag.(8.1) V bbeh.ay.(8.7)))
=g9.A
& asr.A = r.(6.4) forall ¢ in dom .6
VA : Interval e
(39 : part.A e Vi:dom.d
7r.(8.1) A (bbeh.ag.(d.1) V bbeh.ar.(.1)))
= g.A
VA : Interval e
(36 : part.A e Vi:dom.é e
(r.(0.2) A bbeh.ag.(6.9) V
r.(0.1) A bbeh.ay.(0.1)))
=g.A
& from (7) and (8)
VA : Interval e
(30 : part.A o (Vi:dom.d  g.(0.7))) = g.A

This holds because g composes over intervals. [

THEOREM 7. For a rely condition, r, that decomposes over in-
tervals, a guarantee condition, g, that composes over intervals,
predicates, co and c1, actions, ag and a1,

r{cond.(co — ap,c1 — a1)} g

provided
(r ADco) {ao} g ©
(rADO(=co Aer)) {aat g (10
r= 0O(coVer) an



PROOF.

r {cond.{co — ap,c1 — a1)} g
= Corollary 1
r{co — ao M=cog — cond.{c1 — a1)} g
& Theorem 6 and assumptions on 7 and g
r{co—ao}gA
r{—co — cond.{c1 — a1)} g
= Theorem 3
r{co — ao} g A
r{-co ANer — a1 M=eg A —ep — cond.()} g
& Theorem 6 and assumptions on r and g
r{co—ao} g A
r{-coNci —ai}gA
r {—co A —er — cond.()} g
= Definition 4 of satisfies
r Abeh.(co — ag) = g A
r Abeh.(-co Ner — a1) = g A
r Abeh.(—co A —c1 — cond.()) = g
= Theorem 1 and definition (2)
r A Oco A beh.ag = g A
r AO(—co Ac1) ANbeh.ar = g A
r AO(=co A —c1) Abeh.(cond.()) = g
= definition (4) of bbeh.(cond.())
(r AOco) Abeh.ag = g A
(r AO(—eo Ac1)) ANbeh.ar = g A
r AO(-co A —er) ATrue = g
= Definition 4
(r AOco) {ao} g A
(rAQO(=coAer)){art g
rAO(-co A—e1) = g

These follow from the assumptions (9), (10) and (11). []

The above theorem can be generalised to conditionals with more
than two branches.

6. EXAMPLE CONTINUED

We would like to show that the mine pump example given in
Section 2 satisfies a number of properties. The variable water rep-
resents the level of water in the mine shaft. We use the notation
dwater /dt to stand for the derivative of the water level with re-
spect to time, i.e., the rate of change of the water level. The variable
water_in (water_out) represents the instantaneous rate of flow of
water into (out of) the mine (for simplicity these are expressed in
terms of the rate of change of the level of water in the mine). We
will assume that the environment of the mine pump satisfies certain
properties, i.e., its “laws of nature”, in particular, at any time the
rate of change of the water level is equal to the flow of water into
the mine minus the flow of water out of the mine, and that there is
assumed to be an upper bound, M axzIn, on the flow of water into
the mine.

dwater /dt = water_in — water_out A
r=0a 0 < water_out N\
0 < water_in < MaxIn

When the primitive action pump is active it guarantees that the
water is extracted from the mine at a minimum rate of MinOut,
ie.,

g_pump = O(MinOut < water_out A\ pump_active)

provided the water level is above Low and methane level is not
critical:

r_pump = O(Low < water A methane < Critical)
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These form the guarantee and rely conditions for the primitive ac-
tion pump.

We would like to show our mine pump system guarantees the
following condition

~ methane < Critical A High < water —
9= dwater /dt < MaxzIn — MinOut

which, provided that M axIn < MinOut, guarantees that the wa-
ter level will decrease.
We can use Theorem 7 to show

r {mine_pump} g.
where mine_pump was defined as follows.
mine_pump =

Critical < methane — alarm,
true — operate

The theorem holds provided

(r A O(Critical < methane)) {alarm} g (12)
(r A O(methane < Critical)) {operate} g (13)
r = O(Critical < methane V true) (14)

Requirement (14) holds trivially. Using Definition 4, requirement
(12) holds because Critical < methane is the complement of
methane < Critical used on the left side of the implication within
g. For requirement (13) we apply Theorem 7 to procedure operate.

operate =
High < water v um
Low < water A pump_active pump,
true — nil

Let c be the guard on the first branch of procedure operate. The
conditions we need to show are

(r AO(c A methane < Critical)) {pump} g (15)
(r A O(=c A methane < Critical)) {nil} g (16)
r A O(methane < Critical) = O(c V true) (17)

Requirement (17) holds trivially. The negation of ¢ implies that
water < High, which implies the left side of the implication in
g is false, and hence requirement (16) holds. Requirement (15)
follows using Theorem 4 and the rely and guarantee conditions of
pump, provided

r A O(c A methane < Critical) = r_pump
g_pump A7 A O(c A methane < Critical) = ¢

The first requirement holds because c implies Low < water. For
the second requirement, from r we have

dwater /dt = water_in — water_out

= as g_pump implies MinOut < water_out
dwater /dt < water_in — MinOut

= as r implies water_in < MaxIn
dwater /dt < MaxIn — MinOut

Using the above we can prove more complex properties, such as,
if at time ¢ the water level is initially above High, then the water
level will be below High by time

water.t — High
MaxIn — MinOut

provided the methane level is not critical over the time interval from
t until this time.

t+



7. CONCLUSIONS

There is an increasing trend to use more sophisticated real-time
computer systems to control safety-critical infrastructure. Failures
in these systems can lead to injury or loss of life, and hence it is
essential that they be developed to the highest standards of depend-
ability. In addition, these systems are inherently more complex
than conventional real-time control applications. To develop such
systems we need methods and tools that can verify that the sys-
tems behave both safely and effectively, as well as help control the
complexity of their design.

The teleo-reactive programming paradigm of Nilsson provides
a remarkably simple notation for expressing robust real-time con-
trol programs. In this paper we have developed a time-interval
semantics for teleo-reactive programs and provided rely/guarantee
reasoning rules that have been shown correct with respect to these
rules.

Future work consists of extending the semantics and reasoning
rules to handle concurrency. For some teleo-reactive programs
guarded actions may only be active for an instant during which
time they change the state to disable themselves. There are two
approaches we can follow to address these instantaneous actions,
either

e enrich our semantics to allow a finite number of instanta-
neous actions to happen at the same real time, or

e make use of the notion of time bands [7, 5].

For the latter, a system description can be structured into a number
of time bands each with its timing precision. At a higher-level time
band an action may be considered instantaneous if it is within the
precision of the band, but within a lower level band the same action
may be viewed as taking time.
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