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ABSTRACT: Boundary element methods offer a powerful approach for designing gradi-

ent coils, allowing the generation of coils wounds on arbitrarily shaped surface so as to

produce any form of field variation that is consistent with Maxwell’s equations. These

methods are based on meshing the current carrying surface into an array of boundary

elements. In this work, we have extended boundary element methods that have previ-

ously been used used for coil design and integrated a powerful mesh generating program

so as to produce coils with totally arbitrary geometry. Four examples are used to illus-

trate how the modified method provides a single versatile coil design protocol. These

relate to the design of: i) shielded head gradients with highly asymmetric surface geome-

try that give the highest possible gradient field strengths; ii) very short, shielded gradi-

ent coils to allow improved access to the subject; iii) bi-planar coils generating highly

asymmetric, stepped magnetic fields for use in fast imaging by multiple acquisition with

micro-B0 arrays (MAMBA); iv) an insertable set of head gradient coils with shoulder cut-

outs. � 2007 Wiley Periodicals, Inc. Concepts Magn Reson Part B (Magn Reson Engineering)

31B: 162–175, 2007
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INTRODUCTION

Magnetic field generating coils for use in magnetic

resonance are numerous and varied. The principal,

intense, highly homogeneous magnetic field is usually

generated using superconducting coils and is oriented

along the z-direction in the standard geometry. Other

coils therefore usually only need to be concerned with

modifying the z-component of the magnetic field, Bz.

Three orthogonal, linear gradient fields (Bz ! x, Bz

! y, and Bz ! z) are used to encode the NMR signal

spatially in imaging experiments. These are the 1st

order terms in the spherical harmonic expansion of

solutions to Laplace’s equation, !2 Bz ¼ 0 (the 0th

order spherical harmonic is a uniform field) for mag-

netic fields in the absence of sources. Magnetic field

gradients are most simply generated by passing cur-

rents through Helmholz and Golay (1) coils. These

discrete wire arrangements are derived analytically to

annul other unwanted spherical harmonics. A descrip-

tion of the spherical harmonic decomposition of mag-

netic fields and the design of discrete wire coils was

given by Roméo and Hoult (2).
Fast imaging modalities, such as echo-planar

imaging (EPI) (3), demand increased performance

from the gradient coils. The current in the gradient

coils must be switched rapidly and therefore coils

must be made with a low inductance so as to limit
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the rise-time for a given applied voltage. In addition,

coils must produce strong gradients so as to achieve

high resolution. The strength of the field gradient

produced may be increased simply by adding more

turns of wire to the discrete coils mentioned above,

but there is an associated increase in inductance;

while the efficiency of a coil increases in proportion

to the number of turns, the inductance scales approxi-

mately quadratically. This is the inherent conflict in

gradient coil design: in order to maximize the effi-

ciency of the coil, as well as keeping the inductance

low, the extra wires must be spaced out, which

decreases the accuracy with which the field gradient

is produced. A goal of coil design is therefore to

resolve this conflict and produce highly efficient

coils, which generate a uniform field gradient over a

large volume whilst having low inductance.

A ‘‘target field’’ approach was developed by

Turner (4) following Turner and Bowley’s deriva-

tion of an appropriate mathematical formalism to

describe the magnetic flux density, Bz, due to a cur-

rent distribution on the surface of a cylinder using a

Fourier-Bessel series (5). The current density has a

unique solution which can be found from the Fou-

rier transformed target field. Further work by Turner

(6) on the target field approach allowed the induct-

ance of a current distribution to be calculated in a

similar way. This allowed coils of minimum induct-

ance to be designed by specifying the desired field

at an ensemble of points. The discrete nature of the

target field causes the system to be ill-posed; quite

different current densities may generate almost

identical magnetic fields. Smoothing or apodisation

functions are therefore used to remove high spatial

frequency components in the Fourier transform of

the current distribution, thereby reducing any oscil-

latory behaviour of the current density. Carlson

et al. (7) parameterized the current density on the

surface of a cylinder in terms of a small number of

weighted, truncated sinusoidal harmonics in order to

design finite length coils whilst minimising the in-

ductance. Myers and Roemer showed that cylindri-

cal gradient coils with asymmetrically positioned

regions of uniformity (ROU) have high efficiency

and reasonable gradient field uniformity (8). There
are many more examples of coil designs that deviate

from cylindrical geometry; planar gradients for

NMR microscopy (9) and ‘‘open’’ MRI systems

(10), gradients with a hemispherical geometry for

brain imaging (11, 12), gradients with parabolic

return paths to accommodate the shoulders (13),
conical section surfaces linking the primary to the

shield for short gradients (14), gradients with multi-

ple regions of interest (ROI) (15) and MAMBA

coils for simultaneous acquisition of images from

different sample regions (16).
All the methods mentioned above are based upon

an invertible analytic relationship between the mag-

netic field (and other properties such as the induct-

ance) and the current density. Other methods exist

that only rely upon the forward relationship for

obtaining the field from the currents. These numeri-

cal methods generally use a search process to find the

optimal current density based on an initial estimate.

Methods based on iterative search techniques such as

simulated annealing (17), Monte Carlo approaches

(18) and the genetic algorithm (19) have been used.

Pissanetzky (20) introduced a coil design method-

ology that allows the design of coils wound on an ar-

bitrary surface using an inverse boundary element

method (IBEM). This was recently extended by Lem-

diasov and Ludwig (21, 22). Removing the reliance

on coil symmetry opens up the possibilities for gradi-

ent coil design. Any coil that generates a specific

magnetic field can be designed with this method, as

long as the conducting surface encloses the ROU suf-

ficiently to provide the desired field accuracy.

THEORY

Original Method

Here we begin by reproducing a brief outline of the

mathematical formalism described in the original

work (20). Pissanetzky discretizes the coil surface

into a mesh of triangles, referred to as the ‘‘elements’’

of the surface. The points that lie at the corners of

these elements are called the ‘‘nodes’’, and small cur-

rents circulate around the nodes through the adjoin-

ing elements (see Fig. 4 in (22)). For each node, n, a
basis function, fn(r), is defined that describes each

circulating current. Summing these together with the

basis function weights, In, yields a representation the

current density on the surface:

JðrÞ �
XN
n¼1

InfnðrÞ [1]

The stream-function of the current density, j(r), is
also defined by the weights and an appropriate set of

scalar basis functions, jn(r). The weight, In, is in

effect the value of the stream-function at the nth
node.

Each current density basis function, fn(r), is con-

structed from a set of Nn vectors, vni, (for i ¼ 1 to

Nn) describing a unit current flowing through each of
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the Nn triangular elements, Dni, associated with the

nth node.

Every property of the coil that is dependent upon

the current density can be written in terms of In and

fn(r). In particular, parameterization of the z-compo-

nent of the magnetic field at position rk, Bz(rk), in-

ductance, L, and torque vector, M was described in

Eqs. [12]–[21] of (22).

Additions to the Method

The following sections describe the modifications to

the previous work that were used in this study.

Minimization of Power Dissipation. The power

dissipation, P, due to a current density distribution,

J(r),

P ¼ r
t

Z
S

jJðrÞj2dS [2]

is additionally parameterized. Here t is the thickness

of the conducting layer, and r is the resistivity of the

conducting material. The power loss is similar to the

inductance, in that it is dependant on the square of

the current density. The parameterized form of Eq.

[2] for the meshed current distribution is similar to

that describing the inductance (Eq. [18] in (22)):

P �
XN
n¼1

XN
m¼1

InImPmn; [3]

where

Pmn ¼
r
t

X
i

X
j

ðvmi � vnjÞAmi; Dmi ¼ Dnj

0 Dmi 6¼ Dnj

�
[4]

and Ami is the area of the ith mesh element belonging

to the mth node.

Gauss-Legendre Numerical Integration. Evalua-

tion of the various properties of the current distribu-

tion requires calculation of an integral over the sur-

face of each element. When the integrand does not

vary over the element, the integral can be exchanged

for the area of the triangle (e.g. Eq. [4]). In the case

of the integral required for calculating the induct-

ance, the integrand depends on the inverse of the dis-

tance between current sources. An area approxima-

tion can also be used when the distance involved in

the integrand is much greater than the size of the ele-

ments. However, when the distances are small this

approximation is no longer accurate, especially for

integration over the surfaces of neighbouring ele-

ments. In this work, integration by Gauss-Legendre

quadrature (23) was therefore used to calculate the

mutual inductance of two mesh elements when the

distance between elements is less than 5 times the

characteristic size of the elements. At this distance

the approximation Eq. [35] in (22) is just 1% differ-

ent to the value calculated by numerical integration.

Adjacent triangles may however show a 20% differ-

ence in these values.

The Functional. Equation [5] shows the functional

F which was minimized in designing the coils

described in this paper. It is the same as the func-

tional used in previous work (22) with the addition of

the weighted power loss term, bP, and removal of

the field offset term, Boff
z .

F ¼ 1

2

XK
k¼1

WðrkÞ BzðrkÞ � Bt
zðrkÞ

� �2þa

2
L

þ bP� lxMx � lyMy � lzMz [5]

This functional minimizes the square of the differ-

ence between the target field Bt
z(rk) and actual field

Bz(rk) for K target field points, the stored energy

(which for a 1A current is equivalent to half the in-

ductance) and the power loss, as well as imposing

torque-balancing. W(rk) is a weighting function that

can be assigned any value for any target field posi-

tion rk. Assigning a high value of W(rk) for a particu-

lar point causes more emphasis to be placed on the

accuracy of Bz at this point. lx, ly, and lz are the

Lagrange multipliers that facilitate the cancellation

of the x, y and z components of the torque vector Mx,

My, and Mz. a and b are user-defined parameters that

control the relative importance ascribed to minimiz-

ing the stored energy and power loss, respectively.

3D Contouring Algorithm. As in other coil design

methods the discrete wire-paths for the coil design

are obtained by contouring the stream-function of the

current density (24). The same process is performed

here, but it must be carried out over the mesh ele-

ments. To achieve this, a contouring algorithm was

written to individually contour each triangle of the

surface. Each triangular element in 3D space is

mapped to a 2D right-angled triangle of unit size

using a coordinate transform (A: R(x,y,z) ? R(u,v)),

and the values of the stream function, j, at the three

corner nodes were used as the third coordinate to cre-

ate a triangular, planar surface in (u, v, j) space.

Identification of the lines of intersection of this
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planar surface with surfaces of constant j corre-

sponding to each contour level, yields contour lines

in (u, v, j) space. The portion of these lines that re-

side within the triangle are transformed back into 3D

with the inverse of the coordinate transform, A�1 to

give the small sections of wire for each element. This

is repeated for all triangular elements to build up the

full wire pattern.

Minimum Wire Spacing. The minimum wire spac-

ing is often an engineering constraint in gradient coil

design and can be found using a method similar to

the 3D contouring algorithm. The wire separation in

the tth triangle is found using a similar method to

finding the wire paths. Two very close contour levels

of known separation are created that cross the centre

of each (u, v, j) triangle and the resulting wire paths

are then transformed to (x, y, z) space. Finding the

distance between these two lines is then a simple

geometric task and the separation is scaled by the ra-

tio between the close wire separation and the actual

contour level separation to obtain the minimum wire

spacing allowed in the coil design.

METHODS

Mesh Generation

To make the most of this method, 3DS MAX1

(Autodesk1, San Rafael, CA), a 3D graphics applica-

tion was used to generate and export surface meshes

to a text file. This powerful program made it simple

to design any conceivable mesh geometry quickly,

with any target region. The mesh generating protocol

automatically defines the node ordering for each ele-

ment in a consistent sense about the normal to the

element. The text file is then read in to MATLAB1

(Mathworks1, Natick, MA) to generate the basis

functions, and matrices before solving for the stream-

function values at the nodes.

Coil Properties

It is a simple task to obtain the normalized magnetic

field, stored energy, power loss, and torque properties

of the meshed current distribution by multiplying

appropriate matrices by the solutions, In. These prop-

erties relate to a gradient coil designed to generate a

field of 1 T m�1 A�1, so to convert these to values

relevant to an actual coil design it is necessary to

apply a rescaling based on the actual magnetic field

generated by the arrangement of wires forming the

coil. Using the wire-paths obtained with the 3D con-

touring algorithm, and after ensuring correct direc-

tions of current flow, a Biot-Savart Law calculation

can be performed to give the field at the target points,

BBS
z (rk). This gives the field per unit current for the

wire paths which can then be used to calculate the

approximate real values for the efficiency, Z, and

thereby other properties of the coil.

A figure-of-merit (FOM) that characterizes the

coil performance independent of the number of turns

of wire used to build the coil, can be formed from

the square of the efficiency of the coil divided by its

inductance, Z2/L.
The accuracy of the field that the coil generates is

measured by the maximum error in the field over the

target region, DBmax
z . This error is expressed as a per-

centage of the maximum target field value, Bt
z(rk), in

the ROU:

DBmax
z ¼ max

jBBS
z ðrkÞ � Bt

zðrkÞj
max jBt

zðrkÞj
� �

 !
� 100 [6]

For comparison with other gradient coils the nonli-

nearity and nonuniformity of the gradient were also

are calculated using Eqs. [24]–[27] in (25).
To check the electrical properties of the wires,

text files compatible with the program FastHenry

(26) were generated. FastHenry is a multipole-accel-

erated impedance extraction program that takes the

wires and their thicknesses and models the induct-

ance and resistance of the coil. It is capable of mod-

eling the skin depth effects at any driving frequency,

but here only DC currents were employed.

Here we present coil designs based on four very

different coil geometries so as to illustrate the versa-

tility of the method.

Example 1: Ultra-Efficient, Highly
Asymmetric, Shielded Gradient
Coils for Head Imaging

The first coil geometry was chosen to generate the

highest possible gradient strengths for human head

imaging by placing the current carrying surface as

close to the region of interest (ROI) as possible.

There are several head imaging modalities that would

benefit from such increased efficiency, such as

magnetic resonance angiography (27) or diffusion

weighted imaging (28, 29). This example illustrates

the ability of the new method to produce coils with

highly asymmetric geometry. Figure 1(a) shows the

geometry of the coil design. Current flow is parame-

terized via meshing of the primary and secondary

surfaces. These surfaces are not connected, so as to
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ensure that no wires in the final coil designs cross

from the primary to secondary surface as this would

make coil construction unfeasible. The primary sur-

face [red triangles in Fig. 1(a)] is created from a

310 mm diameter hemisphere and cylinder of length

165 mm squashed in the x-direction to be 265 mm

wide. The elliptical cross-section was intended to

reflect a head shape while providing a 50 mm gap

between the head and the coil surface. The primary

surface also has a flat annular surface attached to it,

that fills the space between the inner and outer cylin-

ders. A 520 mm diameter hemisphere, concentric

with the inner hemisphere, with a 165 mm cylindrical

extension forms the secondary surface. The coil sur-

face has one defined edge on the primary and one on

the secondary surfaces where they meet. The whole

surface is discretized into 4,224 triangular elements

and 2,162 nodes. The ROU is an oblate spheroid with

a 165 mm width in the x-direction and 210 mm y-
and z-widths, positioned concentrically with the

hemispheres of the surface, and contains 587 evenly

distributed target points. The region of shielding

(ROS) is formed from an ensemble of points evenly

distributed over a 550 mm long cylindrical surface

with a 640 mm diameter centred at 25 mm above the

centre of the ROU in the z-direction.

Example 2: Ultra-Short Gradients

The second test of the new method was to replicate

the work of Shvartsman et al. (14) by generating a set

of shielded, cylindrical gradient coils with very low

length-to-diameter ratio. Their work involved produc-

ing coils consisting of four connected surfaces as

shown in Figure 1(b); the inner surface is a short cyl-

inder that generates the field gradient, the second sur-

face is a longer cylinder that carries wires arranged so

as to cancel stray fields from the the main coil and,

the third and fourth surfaces are conical sections that

Figure 1 Geometry of the (a) ultra-efficient shielded gradient coils, (b) ultra-short shielded gra-

dient coils, (c) MAMBA coil and, (d) shoulder-slotted gradient coils. The triangles show half the

discretized current carrying surfaces. The central spheroids and squares represent the target

ROU. [Color figure can be viewed in the online issue, which is available at www.interscience.

wiley.com.]

166 POOLE AND BOWTELL

Concepts in Magnetic Resonance Part B (Magnetic Resonance Engineering) DOI 10.1002/cmr.b



connect the first and second surfaces at either end. In

(14) the conical surfaces are used to remove the con-

stant stream-function constraints at the ends of the

primary and secondary coils. The dimensions of the

coils and an analytical treatment of the design of coils

of this geometry is provided in (14). In that work, the

wires on the conical surface connecting the inner and

outer cylindrical surfaces must be straight. Using the

approach described here, wires may follow any path

on the conical surface. The geometry employed by

Shvartsman et al. (14) is duplicated here so as to illus-

trate the increase in coil performance resulting from

the removal of the constraints on the current density

imposed by the analytical approach. In applying the

BEM approach, the surface was composed of 6080

triangular elements and 3040 nodes.

Example 3: MAMBA Coils

The third example involved designing a coil for use

with the MAMBA (multiple acquisition with Micro

B0 Array) technique (30, 31). Implementation of

MAMBA requires a coil which generates multiple

regions of uniform magnetic field within the imaging

volume. The magnetic field strengths are different

within these regions, usually following a stepped pro-

file across the imaging volume. Image data can thus

be acquired simultaneously from the different regions.

Lee et al. (30) developed a target field method for

designing the coils needed for this novel imaging tech-

nique, and here we show that the BEM is capable of

designing MAMBA coils with the same biplanar ge-

ometry as Lee et al. which have highly asymmetric

field requirements [see Fig. 1(c)]. The 16 distinct tar-

get regions are each composed of a 6� 6 grid of target

points, and the field in these regions is required to vary

in 1mT steps from �7mT to þ8mT. There are 5,200

triangular elements and 2,746 nodes in the surface.

Example 4: Shoulder-Slotted
Gradient Coils

The final design example is an insertable three-axis

gradient coil set. This coil set is designed for head

imaging on existing 3T and 7T systems and therefore

must fit with pre-installed whole body gradient coils.

The consequences for the coil design are that the

800 mm long cylindrical surfaces must have diameters

lying between 390 mm and 450 mm, and therefore the

shoulders of the subject must be accommodated by the

design. Rectangular sections of 150 mm width and 220

mm length were therefore removed from the otherwise

cylindrical shape. Figure 1(d) shows the geometry for

the current carrying surface comprising between 5,456

and 5,678 elements with between 2,869 and 2,982

nodes. The region of uniformity used to define the field

variation is a 160 mm diameter sphere containing 93

evenly distributed points. The X, Y, and Z coils are

designed on cylindrical surfaces with diameters of

410.2, 416.2, and 422.2 mm respectively.

RESULTS

Example 1: Ultra-Efficient, Highly
Asymmetric Gradient Coils for Head Imaging

Table 1 details properties of the ultra-efficient X-, Y-,

and Z- head gradient coils and Figs. 2(a,c,e), show

Table 1 Theoretical Electromagnetic and Electrical Properties of the Ultra-Efficient X-, Y-,
and Z-Gradient Coilsa

Property

Gradient Coil

X Y Z

Stream-function contours, N 20 20 20

Efficiency, Z (mT m�1 A�1) 327 287 456

Max. field error, DBmax
z (%) 5.0 (2.4) 5.0 (2.0) 5.0 (1.5)

Nonlinearity, nonuniformity (%) 5.0, 22.5 0.7, 21.0 25.6, 3.3

Inductance, L (mH) 58 (63) 50 (56) 103 (112)

Min. wire spacing, Dwmin (mm) 4.4 5.9 3.0

Resistance, R (mV) 76 74 83

x-Torque, Mx (N m A�1 T�1) �8.0 � 10�6 5.1 � 10�3 �3.5 � 10�4

y-Torque, My (N m A�1 T�1) 9.3 � 10�4 4.4 � 10�5 �6.5 � 10�4

FOM, Z2/L (T2 m�2 A�2 H�1) 1.84 � 10�3 1.64 � 10�3 2.01 � 10�3

a Bracketed values for DBmax
z are the maximum field values at the shielding surface as a percentage of the maximum field in the ROU.

Inductance values in brackets and resistances were calculated using FastHenry� (26) assuming that the coils were wound using 3 mm

diameter copper wire.
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Figure 2 Wire paths for the ultra-efficient (a) X-, (c) Y- and (e) Z-gradient coils. Red and blue

colors are used to indicate wires in which there is a different sense of current flow. Also shown

are contour maps of the magnetic field generated by unit current flow in the (b) X-, (d) Y- and,

(f) Z-gradient coils in the y ¼ 0, x ¼ 0, and y ¼ 0 planes respectively. Contours are shown at

5 mT A�1 steps. The solid black line shows the region inside which the field error is less than

5%. The ROU, ROS, and coil surface are also shown. [Color figure can be viewed in the online

issue, which is available at www.interscience.wiley.com.]
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the wire paths for the X-, Y-, and Z- gradient coils

respectively. The axial magnetic field distributions

calculated in the y ¼ 0 plane (x ¼ 0 plane is used for

the Y-gradient) by applying the Biot-Savart law to

these wire paths, are shown in contour map form in

Figs. 2(b,d,f), overlaid with a contour enclosing the

region of less than 5% error in the field. A half-scale

prototype of the X gradient coil, shown in Figs.

3(a,b), has been built and tested. The efficiency of

the prototype coil was calculated by using a gradient

echo based phase-mapping technique to measure the

phase distribution within a water phantom for known

drive currents. The phase is unwrapped and appropri-

ately scaled to obtain maps of the magnetic field per

unit current [see Fig. 3(c)]. The field map was used

to calculate the efficiency of the prototype as 1,379

mT m�1 A�1 which implies an efficiency value of

345 mT m�1 A�1 when scaled to full size. The series

inductance and resistance of the prototype were

measured to be 34 mH, and 0.52 V respectively with

values of 33 mH, and 0.42 V found when the proto-

type coil was modeled in FastHenry� with 0.9 mm

diameter wire and at the same scale as the prototype.

Example 2: Ultra-Short Gradients

Figures 4(a,c) show the wire patterns for ultra-short

X and Z gradient coils (unfolded in the z-direction),
while Figs. 4(b,d) are contour maps used to show the

field produced by the ultra-short transverse and longi-

tudinal gradient coils with the 5% error contour also

shown. Table 2 lists the properties of the X, Y, and Z

gradient coils.

Example 3: MAMBA Coils

To compare with the coil in the original paper, a 2D

MAMBA coil was designed to have an average field

error (using Eq. [16] in (16)) of less than 1.9%. Only

power minimization was employed with 66 contours

of the stream function chosen so as to give at least

1 mm spacing between the closest wires. With this

coil, only 21 amps are needed to generate the same

1 mT step field. The wire paths for one of the two

identical plates of the 2D MAMBA coil are shown in

Fig. 5(a), and Fig. 5(b) shows the magnetic field that

21 A current flow in coils on both plates generate in

the z ¼ 0 plane.

Example 4: Shoulder-Slotted
Gradient Coils

Efficiencies, inductances, resistances, FOM, and min-

imum wire spacings for the shoulder-slotted head

gradient coils are given in Table 3 with the diameters

of the coils and number of contour levels used in the

design process. The wire paths of the X-, Y-, and Z-

gradient coils are shown in Figs. 6(a,e), while Figs.

6(b,f) show plots of the field that they generate.

DISCUSSION

The inner surface of the ultra-efficient coil set was

placed 5 cm away from a 16.5 � 21.0 � 21.0 cm3

spheroidal region of uniformity spanning a typical

head. The 5 cm gap is provided to accommodate an

RF coil. The principle criterion is to position the

wires as close to the head as possible. Practically, the

arrangement chosen may be too claustrophobic. For

this and for the sake of allowing visual interaction

with the subject e.g. for fMRI, the geometry may also

incorporate a window. The gradient fields produced

by the ultra-efficient X, Y, and Z gradient coils are

2.0, 1.8, and 2.1 times stronger than previously

Figure 3 (a) Inside and (b) outside views of the prototype ultra-efficient X gradient coil. (c)

The field map in the y ¼ 0 plane is also shown with the scale on the right. [Color figure can be

viewed in the online issue, which is available at www.interscience.wiley.com.]
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described asymmetric head gradient coils (32) of

equal inductance, but the new coils have much better

homogeneity and are also shielded. The performance

of these coils also compare favourably with dome

gradient coils previously devised by Leggett et al.

(12) where the ROU is significantly smaller and the

coils are unshielded. The FOM for the new X-, Y-,

and Z-gradient coils are 54%, 30%, and 60% higher

respectively. The former on which the prototype

ultra-efficient X gradient wires were laid was con-

structed with a rapid prototyping technique called

Laminated (or Layered) Object Manufacturing

(LOMTM) (Helisys, Torrance, CA) (33). For building
highly asymmetric coil for real applications, a differ-

ent fabrication method will need to be identified.

The increases in the FOM for the ultra-short X-

and Z-gradient coils over those described in (14) are
approximately 23% and 11% respectively. The im-

provement in the case of the X-gradient coil is pri-

marily a consequence of the removal of restrictions

Figure 4 Wire paths for the ultra-short (a) X- and (c) Z-gradient coils shown unfolded along

the z-direction from z ¼ 0 on the inner surface to the conical surface and back to z ¼ 0 on the

outer surface as in Fig. 6 (14). Contour maps in the y ¼ 0 plane of the magnetic field generated

by unit current flow in the ultra-short (b) X and (d) Z gradient coils. Contours are shown using

2 mT A�1 steps. The solid black line shows the region inside which the field error is less than

5%. The ROU, ROS, and coil surface are also shown. [Color figure can be viewed in the online

issue, which is available at www.interscience.wiley.com.]
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on the form of the current density on the conical link-

ing surface which were imposed by the analytical

approach employed in the previous work. Namely,

the form of the stream-function meant that the con-

necting wires on the conical surface were straight. In

the previous work (14), the Z gradient coil had no

current loops on the conical surface. Here loops on

the conical surface act to increase the FOM of the Z

gradient coil. The shielding condition is different

here than in the previous work, where it was based

upon calculating the residual eddy-current effect that

allows some flux leakage onto conducting surfaces

provided that the eddy-currents produce effects that

can be corrected with gradient pre-emphasis.

Design of the 2D MAMBA coil is an inherently

difficult problem; the form of the target field contains

high spatial frequencies, and the highest spatial fre-

quency present in the current density will always be

higher than the maximum spatial frequency in the

target field. This relationship is demonstrated for

Figure 5 (a) Wires of one plate of the 2D MAMBA coil (every 3rd wire is shown to aid in vis-

ualization). The full coil has 66 wires per plate. Red lines indicate wires with reversed current

flow with respect to the blue lines. (b) A field map in the y ¼ 0 plane of the magnetic field gen-

erated by a current of 21.3 A flowing in the biplanar coil. The squares indicate the outline of the

target regions. [Color figure can be viewed in the online issue, which is available at www.

interscience.wiley.com.]

Table 2 Theoretical Electromagnetic and Electrical Properties of the Ultra-Short X-, Y-, and Z-Gradient Coilsa

Property

Gradient Coil

X Y Z

Stream-function contours, N 54 54 42

Efficiency, Z (m T m�1 A�1) 72.6 76.5 115.1

Max. field error, DBmax
z (%) 5.0 (3.6) 5.0 (3.5) 5.0 (2.7)

Nonlinearity, nonuniformity (%) 2.1, 22.5 2.6, 22.8 21.2, 0.2

Inductance, L (mH) 713 (742) 798 (732) 1390 (1339)

Min. wire spacing, Dwmin (mm) 5.6 5.6 5.5

Resistance, R (mV) 636 612 822

x-Torque, Mx (N m A�1 T�1) �3.3 � 10�5 2.0 � 10�6 �1.34 � 10�6

y-Torque, My (N m A�1 T�1) �9.0 � 10�3 2.7 � 10�4 1.36 � 10�6

FOM, Z2/L (T2 m�2 A�2 H�1) 7.40 � 10�6 7.33 � 10�6 9.52 � 10�6

a Bracketed values for DBmax
z are the maximum field values at the shielding surface as a percentage of the maximum field in the ROU.

Inductance values in brackets and resistances were calculated using FastHenry� (26) assuming that the coils were wound using 3 mm

diameter copper wire.
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cylindrical geometries by Eq. [3] in (4). To represent

the high spatial frequencies correctly in the current

density, the coil surface must be discretized into

small elements. This requirement is not met with the

mesh used for the 2D MAMBA coils, so the wires

have a jagged appearance. Despite this the coil wire-

paths still generate an acceptably accurate field when

the Biot-Savart Law is applied to them, and because

the wires all lie on one surface the coil could be

formed from a printed circuit board, which would

greatly reduce any build tolerance errors over build-

ing by hand.

The system of equations used in to design gradient

coils forms an ill-posed inverse problem in which the

number of solutions is infinite. The ill-posed nature

of the problem requires some form of regularisation

to impose a preference on the solutions. With no reg-

ularisation of the system, the solutions tend to be os-

cillatory, highly sensitive to perturbations in the sys-

tem variables, and consequently of little practical

use. The type of regularisation employed here is in

the form of minimisation of the inductance and/or re-

sistance of the coil. This minimizes a scaled measure

of the square of the solutions. There are other techni-

ques that transform an ill-posed problem, minxkAx �
bk2, into one that is well-posed. The most common

of these is Tikhonov regularization (34, 35) which

additionally minimizes the least-squares norm of the

solutions; minx{kAx � bk2 � l2kxk2}. Minimization

of the inductance in addition to the root-mean-

squared field error is similar to a weighted Tikhonov

regularization. Altering the regularization parameters

a and b in Eq. [5] changes the relative weighting

placed upon minimization of the field error and the

inductance and resistance. Figure 7 illustrates the

tradeoff between the FOM of a coil and the maxi-

mum field error for varying a that is produced for the

X, Y, and Z ultra-efficient gradient coils. A similar

relationship is evident when minimization of power

dissipation is considered.

Requiring that the coil is torque-balanced reduces

the size of the solution space. An additional parame-

ter may be included in the functional [5] that permits

the magnetic field to have a uniform field offset, Boff
z

(see Eq. [1] in (22)). This is useful for designing

asymmetric gradient coils that do not fully enclose

the ROU, but is not used here as it creates some diffi-

culties in implementing MRI sequences, including

increased bandwidth for signal reception and larger

field excursions during gradient switching leading to

a lower threshold for peripheral nerve stimulation. If

a field offset is permitted in the design of the ultra-

efficient Z gradient coil, a coil can be designed with

a 30.4 mT offset at the centre of the ROU that has a

FOM of 2.96 � 10�3 T2 m�2 A�2 H�1 (47% higher

than with no field offset).

Since the surface is discretized into a number of

small, flat triangular elements, the way in which this

discretisation is performed is important (it is also

possible to use curved surface elements (36)) The

most important aspect of the discretisation is the

number of elements (or nodes) used to approximate

the surface and therefore the current density. More

elements give a better approximation of the continu-

ous current density, but this comes at the cost of

increased computation time. The computation time

increases approximately quadratically with the num-

ber of surface nodes, N, for the inductance and resist-

ance matrices, and approximately linearly with N for

the field matrix and the torque vectors. The time

required to compute the field matrix also varies

approximately linearly with the number of target

Table 3 Theoretical Electromagnetic and Electrical Properties of the Shoulder Slotted X-, Y-,
and Z-Gradient Coilsa

Property

Gradient Coil

X Y Z

Coil diameter (m) 0.410 0.416 0.422

Stream-function contours, N 14 14 14

Efficiency, Z (m T m�1 A�1) 100 119 121

Max. field error, DBmax
z (%) 5.0 5.0 5.0

Nonlinearity, nonuniformity (%) 0.1, 16.6 4.9, 15.7 15.8, 3.2

Inductance, L (mH) 60.3 (63.7) 62.3 (54.9) 51.8 (53.1)

Min. wire spacing, Dwmin (mm) 3.7 5.9 7.8

Resistance, R (mV) 80.1 68.9 50.9

FOM, Z2/L (T2 m�2 A�2 H�1) 1.56 � 10�4 2.58 � 10�4 2.77 � 10�4

a Inductance values in brackets and resistances were calculated using FastHenry� (26) assuming that the coils were wound using

3 mm diameter copper wire.

172 POOLE AND BOWTELL

Concepts in Magnetic Resonance Part B (Magnetic Resonance Engineering) DOI 10.1002/cmr.b



Figure 6 Wire paths of one half (f > 0) of the shoulder-slotted, head (a) X-, (c) Y- and (e) Z-

gradient coils. Red wires have reversed current flow. Also shown are contour maps generated by

unit current flow in the (b) X-, (d) Y- and, (f) Z-gradient coils in the y ¼ 0, x ¼ 0, and y ¼ 0

planes respectively. Contours are shown at 1 mT A�1 intervals. The solid black line shows the

region inside which the field error is less than 5%. The ROU and coil surface are also shown.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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field points. In the four designs presented here, the

number of nodes used was 2,162, 3,040, 2,746, and

3,033, and the number of target field points used was

1,085, 1,067, 576, and 93 for Examples 1, 2, 3, and 4

respectively. The computation of the matrices took

approximately 16, 27, 37, and 16 h on a 2GHz Intel

Pentium� 4 PC. This calculation only needs to be

done once for each different geometry. Inverting the

matrix to find the solution takes a few seconds.

In all these examples, the field error weighting

function, W(rk), in Eq. [5] is set to unity for all

points. This means that no particular importance is

placed on the accuracy of the field produced at differ-

ent spatial locations. This function can be used to

improve the performance of a particular coil design

by decreasing the weighting for areas with inherently

low field error. For example, the maximum field

errors for the ultra-efficient coils will always occur at

the open-end of the coil. By decreasing W(rk) in

areas near the top of the ROU, these areas will ex-

hibit larger, but still tolerable, field errors with a con-

sequent increase in coil performance. Adjusting the

weighting function for the ultra-efficient coils results

in 4%, 7% and 23% increases in the FOM for the X,

Y, and Z gradients respectively. Further slight

improvements may be gleaned as the form of the

weighting function used was empirically chosen.

Similar adjustments of W(rk) for the X, Y, and Z

ultra-short gradient coils results in 4%, 4%, and 9%

increases in the FOM.

The BEM coil design method has also success-

fully been used to design cylindrical gradient and

shim coils, spherical gradient and shim coils, shim

coils with the same geometry as the shoulder slotted

coils in this paper, biplanar gradients, 1D MAMBA

coils (16), shielded gradients with a central gap,

hemispherical coils with a cylindrical extension (12)
and biradial head-only gradients (37) which, in the

interest of brevity, are not presented in this work.

CONCLUSION

Using an inverse boundary element method (BEM)

provides a way to design gradient, shim and other

coils that generate specific magnetic fields free from

all symmetry constraints. This is demonstrated here

with the design of ultra-efficient and ultra-short gra-

dient coils, 2D MAMBA coils, and shoulder-slotted

head gradient and shim coils. The ultra-efficient coils

generate a magnetic field gradient between 1.9 and

3.0 times stronger than previous head gradient coils

at the same inductance (32). BEM improved the fig-

ure of merit of the ultra-short gradient coils by 12%

to 24% over an analytic approach for the same geom-

etry (14). The current needed to generate the same

2D MAMBA step field is 31% of the current used in

(16) with the same wire separation. Finally, using the

BEM to design shoulder-slotted head gradient

and shim coils offers significant improvement over

coils of purely cylindrical geometry. This versatility

comes at the cost of increased computation time, and

for symmetric designs it is simpler and quicker to use

a more analytic approach. For this technique an effi-

cient work-flow was created to allow the straightfor-

ward design of a coil of any geometry that generates

any magnetic field.
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